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A mathematical framework for evo-devo dynamics

Mauricio Gonzalez-Forero*! and Andy Gardner*
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ABSTRACT Natural selection acts on phenotypes constructed over development, which raises the question of how development
affects evolution. Existing mathematical theory has considered either evolutionary dynamics while neglecting developmental
dynamics, or developmental dynamics while neglecting evolutionary dynamics by assuming evolutionary equilibrium. We
formulate a mathematical framework that integrates explicit developmental dynamics into evolutionary dynamics. We consider
two types of traits: genetic traits called control variables and developed traits called state variables. Developed traits are
constructed over ontogeny according to a developmental map of ontogenetically prior traits and the social and non-social
environment. We obtain general equations describing the evolutionary-developmental (evo-devo) dynamics. These equations
can be arranged in a layered structure called the evo-devo process, where five elementary components generate all equations
including those describing genetic covariation and the evo-devo dynamics. These equations recover Lande’s equation as a
special case and describe the evolution of Lande’s G-matrix from the evolution of the phenotype, environment, and mutational
covariation. This shows that genetic variation is necessarily absent in some directions of phenotype space if at least one trait
develops and enough traits are included in the analysis so as to guarantee dynamic sufficiency. Consequently, directional
selection alone is generally insufficient to identify evolutionary equilibria. Instead, “total genetic selection” is sufficient to identify
evolutionary equilibria if mutational variation exists in all directions of control space and exogenous plastic response vanishes.
Developmental and environmental constraints influence the evolutionary equilibria and determine the admissible evolutionary
trajectory. These results show that development has major evolutionary effects.

KEYWORDS Adaptation; Constraints; G-matrix; Development; Life history; Trade-offs; Optimal control; Matrix population models; Adaptive dynamics;
Quantitative genetics

atural selection screens phenotypes produced over develop-
ment, defined as the construction of the phenotype across

the lifespan. Thus, a fundamental evolutionary question is how
development affects evolution. Interest in this question is long-

steepest fitness ascent, and may prevent evolutionary change in
some directions if genetic variation in those directions is absent
(i.e., if G is singular). Thus, Lande’s equation indicates that de-

standing (Baldwin 1896, Waddington 1959 p. 399, and Gould
and Lewontin 1979) and has steadily increased in recent decades.

A fundamental tool to understand how development affects
evolution is Lande’s (1979) equation. This equation states that
evolutionary change in the multivariate mean phenotype z is
Az = G, where the selection gradient B points in the direction
of steepest fitness ascent in phenotype space and the additive
genetic covariance matrix G describes the genetic covariation
between the traits in phenotype space (Lande 1979; Walsh and
Lynch 2018). From Lande’s equation, it follows that genetic co-
variation may divert evolutionary change from the direction of
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velopment affects evolution by inducing genetic covariation and
hence via G (Charlesworth et al. 1982; Cheverud 1984; Maynard
Smith et al. 1985).

Extensive efforts have been devoted to understand the struc-
ture of the G-matrix. Most efforts have been empirical, but
progress has been hampered by methodological difficulties
(Blows and Hoffmann 2005; Mezey and Houle 2005; Hine and
Blows 2006; Blows 2007; Meyer and Kirkpatrick 2008; Kirk-
patrick 2009; Pavlicev et al. 2009; Walsh and Blows 2009). For
instance: a strict estimation of the G-matrix requires large sam-
ple sizes and that an arbitrarily large number of traits is anal-
ysed, which is impractical (Hill and Thompson 1978; Pavlicev
et al. 2009); determining whether any eigenvalue of G is exactly
zero, thus indicating that there is no genetic variation in some
direction of phenotype space, is infeasible since one cannot sta-
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tistically establish that a quantity is exactly zero (Kirkpatrick
and Lofsvold 1992; Kirkpatrick 2009); and the structure of the
G-matrix may change by many factors including time, so as-
sessing its structure in a given generation offers little guarantee
of its structure in the future (Kirkpatrick 2009; Bjorklund et al.
2013). Simulation and analytical work on the nature of the G-
matrix has considered the effects of pleiotropy, selection, and
drift (Jones et al. 2003, 2004, 2007, 2012; Chantepie and Chevin
2020; Engen and Seether 2021). Yet, analytical work has been
hindered by the mathematical complexity of the task (Arnold
et al. 2008).

Interest in the evolutionary effects of development has in-
creased with growing interest in the evolutionary effects of plas-
ticity, niche construction, extra-genetic inheritance, and devel-
opmental bias (West-Eberhard 2003; Laland et al. 2015). Many
studies have modeled the evolution of plasticity and its effects
on the evolutionary process (Via and Lande 1985; Lande 2009,
2014; Michel et al. 2014; Lande 2019). Many others have mod-
eled the evolutionary effects of niche construction (Laland ef al.
1996, 1999, 2001; Lehmann 2007, 2008; Rendell et al. 2011; Cre-
anza et al. 2012; Creanza and Feldman 2014; Kobayashi et al.
2019). There are also many models on the evolutionary effects
of extra-genetic inheritance (Cavalli-Sforza and Feldman 1981;
Boyd and Richerson 1985; Day and Bonduriansky 2011; Mul-
lon et al. 2021) and developmental bias (Salazar-Ciudad and
Jernvall 2002; Salazar-Ciudad and Marin-Riera 2013; Milocco
and Salazar-Ciudad 2020), although these have not always been
verbally framed in such terms.

An important difficulty in understanding how development
affects evolution is the existing lack of general mathematical
frameworks that explicitly consider developmental and evolu-
tionary dynamics. Lande’s equation provides the insight of de-
velopment as affecting genetic covariation, but Lande’s equation
has not been derived from an explicit account of development,
which may hinder insight into the evolutionary effects of devel-
opment. Lande’s original derivation is based on the standard
quantitative genetics approach of describing each individual’s
multivariate phenotype as breeding value plus uncorrelated
error (Lande 1979). Breeding value is in turn the best linear pre-
diction of the phenotype from gene content, using least-square
regression (Fisher 1918; Crow and Kimura 1970; Falconer and
Mackay 1996; Lynch and Walsh 1998; Walsh and Lynch 2018).
This linear prediction can be carried out regardless of any mech-
anism by which the phenotype is constructed over ontogeny.
Thus, details regarding evolutionary effects of development re-
main implicit in that approach. Consequently, while breeding
values may depend on development as well as myriad other
factors, information of how this dependence occurs is not made
available by the linear regression of phenotype on gene content.
This may have limited insight into how development affects the
G-matrix.

There is a wide variety of mathematical frameworks that re-
late to the problem of understanding how development affects
evolution, but there is a lack of synthesis of these frameworks to
simultaneously consider developmental and evolutionary dy-
namics. First, the earliest frameworks of evolutionary dynamics
considered non-overlapping generations without any class struc-
ture (Fisher 1922; Wright 1942; Lande 1979; Dieckmann and Law
1996) (Fig. 1A). These frameworks have been extended in vari-
ous research lines that could be seen as incorporating different
aspects of development. One line considers age structure, which
allows individuals of different ages to coexist and to have age-
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specific survival and fertility rates (Lande 1982; Charlesworth
1993, 1994; Durinx et al. 2008; de Vries and Caswell 2018, 2019)
(Fig. 1B). An important feature of age-structured models is that
the forces of selection decline with age due to demography, in
particular due to mortality and fewer remaining reproductive
events as age advances (Medawar 1952; Hamilton 1966; Caswell
1978; Caswell and Shyu 2017). Such age-specific decline in the
force of selection does not occur in unstructured models.

Second, age- or stage-structured models have been extended
to traits that depend on a continuous variable (e.g., age), under
the label of function-valued or infinite-dimensional traits (Kirk-
patrick and Heckman 1989; Dieckmann et al. 2006; Coulson et al.
2010; Parvinen et al. 2013; Metz et al. 2016; Rees and Ellner 2016).
The analogue of the G-matrix for infinite-dimensional traits (i.e.,
the genetic covariance function) is thought to be commonly sin-
gular since increasing the number traits in the analysis is likely
to increase genetic correlations, as supported by empirical data
(Wagner 1988; Kirkpatrick and Lofsvold 1992; Gomulkiewicz
and Kirkpatrick 1992). While these models consider age-specific
traits (Cheverud ef al. 1983), these models have not considered
explicit developmental constraints (but see Avila et al. 2021).

Third, another research line in life-history evolution has ex-
tended age-structured models to consider explicit developmen-
tal constraints, although this literature calls such constraints
dynamic rather than developmental (Gadgil and Bossert 1970;
Taylor et al. 1974; Leén 1976; Schaffer 1983; Houston et al. 1988;
Houston and McNamara 1999; Sydseeter et al. 2008) (Fig. 1D).
Such models consider two types of age-specific traits: control
variables that are under genetic control, and state variables that
are constructed over ontogeny according to developmental con-
straints. This explicit consideration of developmental constraints
in an evolutionary context considers that the population is at an
evolutionary equilibrium. Thus, this approach identifies evolu-
tionarily stable (or uninvadable) controls and associated states
using techniques from dynamic optimization such as optimal
control and dynamic programming (Gadgil and Bossert 1970;
Taylor et al. 1974; Leén 1976; Schaffer 1983; Houston et al. 1988;
Houston and McNamara 1999). While the assumption of evolu-
tionary equilibrium has enabled deep and numerous insights,
it does not address the evolutionary dynamics which would
provide a richer understanding. For instance, evolutionary equi-
libria might not be achieved in realistic evolutionary timescales,
different equilibria might be achieved from different ancestral
conditions, or equilibria might not be achieved at all (e.g., due
to evolutionary cycles).

Fourth, another research line in quantitative genetics has con-
sidered unstructured models where a set of traits are functions
of underlying traits such as gene expression or environmental
variables (Wagner 1984, 1989; Hansen and Wagner 2001; Rice
2002; Martin 2014; Morrissey 2014, 2015) (Fig. 1C). This depen-
dence of traits on other traits is used by this research line to
describe the developmental map or the genotype-phenotype
map, which is akin to the developmental constraints in life-
history models. However, as this research line considers no
explicit age progression, it considers implicit rather than explicit
developmental (i.e., dynamic) constraints. Thus, this line has not
considered the effect of age structure nor explicit developmental
constraints (Wagner 1984, 1989; Hansen and Wagner 2001; Rice
2002; Martin 2014; Morrissey 2014, 2015). Overall, there has been
a lack of integration of age structure, developmental constraints,
and evolutionary dynamics into a single mathematical frame-
work, which has yielded a fragmentary understanding of how
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Quantitative genetics/Adaptive dynamics

A Evolutionary dynamics
No class structure

No developmental constraints
(e.g., Lande 1979)

Life history theory

D Evolutionary equilibrium
Age structure
Developmental constraints
(e.g., Ledn 1976)

B Evolutionary dynamics C
Age structure
No developmental constraints
(e.g., Lande 1982)

Evolutionary dynamics

No class structure
Implicit developmental constraints
(e.g., Wagner 1984)

/

F Evolutionary dynamics
Age structure
Developmental constraints
(this paper)

Figure 1 Previous mathematical frameworks on the question
of how development affects evolution. Each box refers to a set
of mathematical models considering the indicated assump-
tions. The arrows point to extensions to previous models.

development—which unfolds as the individual ages—affects
evolution.

Here we formulate a mathematical framework that integrates
explicit developmental dynamics into evolutionary dynamics.
To do this, we model some traits as being constructed over
ontogeny, as is done in life-history models with dynamic con-
straints. We simultaneously consider age structure, develop-
mental constraints, and evolutionary dynamics, and allow for
environmentally-mediated phenotype construction, environ-
mental constraints, population dynamics in a fast time scale, and
environmental dynamics in a slow time scale. Environmentally-
mediated phenotype construction allows for the developed phe-
notype to depend on (i) the non-social environment (i.e., plastic-
ity) and (ii) the social environment, which can mechanistically
describe extra-genetic inheritance and indirect genetic effects
(Moore et al. 1997). Environmental constraints allow for the en-
vironment to depend on individuals’ phenotypes, thus allowing
for niche construction (though we do not consider ecological
inheritance). Additionally, developmental constraints allow the
phenotype to be “predisposed” to develop in certain ways, thus
allowing for developmental bias. Our methods integrate tools
from adaptive dynamics (Dieckmann and Law 1996), matrix
population models (Caswell 2001; Otto and Day 2007), and opti-
mal control (Sydseeter et al. 2008).

Materials and Methods

Overview

Here we provide an overview of our methods. First, we describe
the framework’s set-up, including its components and causal
relationships as well as the three phases in which we divide
an evolutionary time step. Second, we introduce notation to
describe the phenotype, environment, and development. This
gives an explicit description of the developmental dynamics.
Third, we formally describe the three phases of an evolution-
ary time step. Fourth, we identify invasion fitness and use it
to derive an equation describing the evolutionary dynamics of
genetic traits (i.e., controls) under adaptive dynamics assump-
tions (Dieckmann and Law 1996). This equation depends on
what we call the total selection gradient of controls. Thus, we
obtain a description of explicit developmental and evolutionary
dynamics. Fifth, we identify the selection gradient in age struc-

Exogenous
process
(e.g., climate change

)

Partners’ ' Partners’
states controls
.‘ :

« \"®

States
(developed traits
X

Controls
(genetic traits)
y

Phenotype
Metaphenotype

Figure 2 Causal diagram among the framework’s compo-
nents. Each arrow indicates the effect of a given variable on
another one. States correspond to developed traits (e.g., body
size) while controls correspond to genetic traits (e.g., gene ex-
pression). The phenotype consists of states and controls. The
metaphenotype consists of states, controls, and environment.
For simplicity, we assume that controls are open-loop, so the
there is no arrow towards controls.

tured populations, which we use to calculate the total selection
gradient of controls. Based on this setting, in Appendices 4-12,
we derive equations describing the evolutionary dynamics of
the various types of traits involved in our framework.

Set up

We base our framework on standard assumptions of adaptive
dynamics (Dieckmann and Law 1996). We consider a large,
age-structured, well mixed population of clonally reproducing
individuals. The population is finite but, in a departure from
Dieckmann and Law (1996), we let the population dynamics be
deterministic rather than stochastic for simplicity (so there is
no genetic drift). Thus, the only source of stochasticity in our
framework is mutation. Each individual has a phenotype consist-
ing of two types of traits: age-specific controls and age-specific
states (Fig. 2; notation is summarised in Table 1). The values of
controls at each age are genetically controlled by genetic loci,
although the genetic details such as the number of loci need not
be specified given our adaptive dynamics assumptions. States
are constructed over development. We separate time scales, so
developmental and population dynamics occur in a fast discrete
ecological timescale t and evolutionary dynamics occur in a slow
discrete evolutionary timescale 7. In addition to this standard
separation of time scales used in adaptive dynamics, we add a
phase to each evolutionary time step due to social development.
Thus, for tractability, we partition a unit of evolutionary time
in three phases: socio-developmental (socio-devo) stabilization
dynamics, resident population dynamics, and resident-mutant
population dynamics (Fig. 3).

At the start of the socio-devo stabilization phase of a given
evolutionary time 7, the population consists of individuals all
having the same resident genotype and phenotype. A new in-
dividual arises which has identical genotype and experiences
the same environment as the resident, but develops a phenotype
that may be different from that of the original resident due to
social interactions. This developed phenotype is set as the new
resident. This process is repeated until convergence to a socio-
devo stable (SDS) resident or until divergence. If development
is not social, the resident is trivially SDS so the socio-devo sta-
bilization dynamics phase is unnecessary. If an SDS resident
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Table 1 Notation summary

Symbol Meaning
X States (developed traits)
y Controls (genetic traits)
Phenotype (states and controls)
€ Environment
m Metaphenotype (phenotype and environment)
Na, Number of ages
Ns Number of states
Ne Number of controls
Ne Number of environmental variables
g Developmental map
h Environmental map
n Population density
f Fertility
p Survival probability
l Survivorship
w Fitness
A Invasion fitness
u Stable age distribution
\4 Reproductive value
¢ Force of selection on fertility
T Force of selection on survival
t Ecological time
T Evolutionary time
0 Socio-devo stabilization time
T Generation time
X Resident states in the context of mutant
Z Undeveloped phenotype
a; Breeding value of
b; Stabilized breeding value of {
G¢ Additive genetic covariance matrix of {
H; Additive socio-genetic cross-covariance matrix of {
sCT .
3 Stabilized effects of £ on
% Total effects of & on ¢
% Semi-total effects of ¢ on {
% Direct effects of £ on {

Gonzalez-Forero & Gardner

Resident SDS resident SDS resident New
at carrying cap. resident
| Time scale: 6 t t
| | y
| ' ' i
Socio-devo Resident Resident-mutant

T T+AT

stabilization dynamics population dynamics population dynamics
Figure 3 Phases of the evolutionary cycle. Evolutionary time
is T. SDS means socio-devo stable. The socio-devo stabiliza-
tion dynamics phase is added to the standard separation of
timescales in adaptive dynamics, which only consider the
other two phases. The socio-devo stabilization dynamics
phase is only needed if development is social (i.e., if the de-
velopmental map g depends on social partners’ phenotype).

is achieved, the population moves to the next phase; if an SDS
resident is not achieved, the analysis stops. We thus study the
evolutionary dynamics of SDS phenotypes.

If an SDS resident is achieved, the population moves to the
resident population dynamics phase. In this phase, the SDS resi-
dent undergoes density dependent population dynamics which
we assume asymptotically converges to a carrying capacity.

Once an SDS resident has achieved carrying capacity, the
population moves to the resident-mutant population dynamics
phase. At the start of this phase, a random mutant control
vector arises in a vanishingly small number of mutants. We
assume that control mutation is unbiased and weak. Unbiased
control mutation means that mutant controls are symmetrically
distributed around the resident controls. Weak control mutation
means that the variance of mutant controls around resident
controls is marginally small. Weak mutation (Walsh and Lynch
2018, p. 1003) is also called é-weak selection (Wild and Traulsen
2007). We assume that the mutant becomes either lost or fixed
in the population (Priklopil and Lehmann 2020), establishing a
new resident phenotype.

Repeating this evolutionary cycle generates long term evolu-
tionary dynamics of an SDS phenotype.

Phenotype, environment, and development

We now introduce notation for the phenotype and environment,
and describe the developmental dynamics. Each individual can
live from age 1 to age N; € Ny = {1,2,3,...}. The phenotype
is composed of Ns € IN state variables and N. € N control
variables that have age specific values. Throughout, we denote
resident variables with an “overbar” (7). Let 7;, be the i-th con-
trol variable of a resident individual of age a fori € {1,..., Nc}
anda € {1,...,Na} (e.g., a certain gene’s expression level at a
given age). Let %;, be the i-th state variable of a resident indi-
vidual of age a fori € {1,...,N;} anda € {1,...,N;} (e.g., a
certain tissue’s size at a given age). The controls of a resident of
age a are given by y, = (14, ..., Un.qa)T- The states of a resident
of age a are given by X; = (¥14,...,%Nn.2)T. The phenotype of
a resident of age a is the vector z; = (X4; ¥4), where the semi-
colon indicates a “linebreak” so that the vector X, is placed on
top of the vector ¥,, that is, Z; = (%14, .-, XN,  J1as - - - IN.a) T
The controls of a resident across life are given by the vector
¥ = (¥1;- - .;¥n, ). The states of a resident across life are given by
the vector X = (X3;...;Xy, ). The resident phenotype across life
is the vector z = (x;¥). The notation for the mutant phenotype is
analogous without the overbar (e.g., z). We analogously denote
the phenotype of a focal individual, either resident or mutant,
with a bullet e subscript (e.g., zs).

We now describe an individual’s environment. We assume
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that an individual’s environment can be described by Ne € IN
mutually independent environmental variables. Let €;,, be the
i-th environmental variable describing the focal individual’s
environment at age a fori € {1,...,Ne} anda € {1,...,N,}
(e.g., ambient temperature experienced by the focal individual
at that age). The vector of environmental variables experienced
by a focal individual at age @ is €ze = (€140, - -.,EN.qe)T- That
the environmental variables are mutually independent means
that changing one environmental variable at one age does not
directly change any other environmental variable at any age (i.e.,
aekj. /0€i,6 = 0if i # k or a # j). We assume that environmental
variables are mutually independent to be able to write each
environmental variable as a function of variables that are not
directly environment variables, which facilitates derivations.
The environment experienced across life by the focal individual
is €e = (€1e;..-;€N,e). The notation for the environment of a
resident is analogous without the bullet but with an overbar
(e.g., €), and for a mutant without the bullet or the overbar (e.g.,
€).

A focal individual’s environment at age a satisfies the envi-
ronmental constraint given by

€he — hu (Zu./Z/ T)/ (1)
foralla € {1,...,N,}. The function
h;(Zse,Z,T) = (114(2ae,2,7), ..., IN.a(Zae, Z,T))T

is the environmental map at age a and it is a differentiable function
of the individual’s phenotype at that age (e.g., the individual’s
behaviour at age 2 may expose it to a particular environment),
of the phenotype of social partners of any age (e.g., through
social niche construction), and of evolutionary time due to slow
exogenous environmental change (e.g., climate change). The
environmental map h, can also be a function of the population
density of the resident (fi(t) defined below), but h, is not a func-
tion of ecological time ¢ in any other way. Consequently, the
resident environment & changes slowly: on the one hand, € can
change in ecological time through density dependence, but this
dependence is evolutionarily immaterial in our analysis because,
as is standard, we assume mutants arise when residents are at
carrying capacity in which case the resident population density
is at equilibrium; on the other hand, & evolves over evolutionary
time 7 as it depends on T indirectly through the resident phe-
notype and directly due to exogenous environmental change.
We assume such limited environmental change to enable the
resident population to reach carrying capacity to be able to use
relatively simple techniques of evolutionary invasion analysis
to derive selection gradients.

We call mq = (z.;€,) the metaphenotype (i.e., the aggregate
of phenotype and environment) of a focal individual. Analo-
gously, the metaphenotype of a resident is denoted without the
bullet but with an overbar (e.g., m), and the metaphenotype of a
mutant is denoted without the bullet or the overbar (e.g., m).

We now describe the process of development. A focal in-
dividual’s state variables at age a + 1 satisfy the developmental
constraint given by

Xg+1,0 = 8a(Zae,Z,€ge), )

foralla € {1,...,N; — 1} with initial condition x1, = X; (pro-
vided that N, > 1). The function

8a(Zae, Z,€00) = (814(Zae,Z,€ae), - -, §N.a(Zae, Z,€40))T

is the developmental map (or genotype-phenotype map) at age a
and it is a differentiable function of the individual’s phenotype at
that age, the phenotype of the individual’s social partners which
can be of any age, and the environment faced at that age (the
term developmental function can be traced back to Gimelfarb
1982 through Wagner 1984; for the evolutionary implications of
similar maps under non-overlapping generations see Mullon
and Lehmann 2017, 2018). For simplicity, we assume that the
state variables x;, = X at the initial age are constant, so they
are not developmentally constrained and do not evolve. This as-
sumption corresponds to the common assumption in life-history
models that state variables at the initial age are given (Gadgil
and Bossert 1970; Taylor et al. 1974; Le6n 1976; Schaffer 1983;
Sydsaeter et al. 2008). A focal individual’s developmental map
across life is

g(ze,2,€0) = (81(210,Z,€00); - 8N,~1(ZN, 1,0, Z, EN, 1,0))-
(3)

Then, the resident states can be written as x = (x1;g(Z, z,€)).

Phases of the evolutionary cycle

We now formally describe the three phases in which we partition
an evolutionary time step (Fig. 3). We start with the socio-devo
stabilization dynamics phase, which yields the notions of socio-
devo equilibrium and socio-devo stability.

Socio-devo stabilization dynamics occur as follows. For a
resident phenotype z = (X;y), new resident states x, are ob-
tained from Eq. (2); the resulting z, is set as the new resident;
and this is iterated. To write this formally, let 6 denote time for
the socio-devo stabilization dynamics. During the socio-devo
stabilization phase, denote resident states at socio-devo time 6
as X(0). Then, writing z in terms of its composing states and
controls, the resident states at socio-devo time 6 + 1 are given by

Xa+1 (9 + 1)
= 8a(Xa(0 +1),¥a,%(0), ¥, ha(%a (0 +1),¥a,%(0),3,7)), (4)

foralla € {1,..., N; — 1} and with given initial conditions x(1)
and X1 (6 + 1) = xq. If limy_,, X(0) converges, this limit yields a
socio-devo stable phenotype as defined below.

We say a phenotype z = (X; ) is a socio-devo equilibrium
if and only if X is produced by development when everyone
else in the population has that Z phenotype and everyone in
the population experiences the same environment; specifically, a
socio-devo equilibrium z = (X; ¥) satisfies

iﬂJrl = ga (zﬂ/z/ hﬂ (zar z/ T))/ (5)

foralla € {1,..., N, — 1} with initial condition x;. We assume
that there is at least one socio-devo equilibrium for a given
developmental map at evolutionary time 7.

It will be useful to note that if the resident phenotype is a
socio-devo equilibrium, from Egs. (1), (2), and (5), it follows
that evaluation of the mutant controls at resident controls yields
resident variables. That is, if Z is a socio-devo equilibrium, then

X|y=y = X
€ly=y =€
zly—y =2
mly_y = m.

Now, we say a phenotype z = (X;¥) is socio-devo stable
(SDS) if and only if Z is a locally stable socio-devo equilibrium.
A socio-devo equilibrium z = (X;¥) is locally stable if and only
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if a marginally small deviation in the initial states x(1) from
the socio-devo equilibrium keeping the same controls leads the
socio-devo stabilization dynamics to the same equilibrium. Thus,
a socio-devo equilibrium z is locally stable if all the eigenvalues
of the matrix

dx

dxTly_y
have absolute value strictly less than one (Appendices 14 and
15). The requirement that this matrix has such eigenvalues arises
naturally in the derivation of the evolutionary dynamics of states
(Appendix 9). We assume that there is a unique SDS phenotype
for a given developmental map at evolutionary time 7.

Once the SDS resident is reached in the socio-devo stabi-
lization phase, we continue to the resident population dynam-
ics phase (Fig. 3). Let the resident phenotype z be SDS. Let
fiq(t) denote the density of SDS resident individuals of age
a € {1,...,N,} at ecological time t. The vector of resident
density at t is a(t) = (Ay(t),..., 7N, (t))T. The life cycle is
age-structured (Fig. 4). At age a, an SDS resident individual
produces a number A1,(Z,,z,0(t)) of offspring and survives
to age a + 1 with probability A,1,(Zs, Z,fi(t)) (Where we set
AN, 11N, (Za,2,0(t)) = 0 without loss of generality). The first
argument of these two functions is the phenotype of the indi-
vidual at that age, the second argument is the phenotype of
the individual’s social partners which can be of any age, and
the third argument is density dependence. The SDS resident
population thus has deterministic dynamics given by

a(t+1) = A(z,z,a(t))n(t), (6)

where A(z,Z,0(t)) is a density-dependent Leslie matrix whose
entries A;j(z;,z,f(t)) give the age-specific survival probabili-
ties and fertilities of SDS resident individuals; additionally, the
first argument of A(z,Z,f(t)) is the phenotype vector formed
by the first argument of Aij(ij,z,ﬁ(t)) foralli,j e {1,...,Na}.
We assume that residents in the last age class reproduce (i.e.,
AN, (2Zn,,2,7(t)) > 0) and that residents can survive to the last
age class with non-zero probability (i.e., Ag41,4(Z4,Z,0(t)) >0
foralla € {1,..., N, — 1}); this ensures that A(z,z,a*(z)) is
irreducible, with i* (z) defined below (Sternberg 2010, section
9.4). We further assume that residents of at least two consecu-
tive age classes have non-zero fertility (i.e., A1,(Zq, 2, (t)) > 0
and A1,441(Zg4+1,2,1(t)) > 0 for some a € {1,...,N, —1});
this ensures that A(z,z,i*(z)) is primitive (Sternberg 2010, sec-
tion 9.4.1; i.e., raising A(z,Z,ii*(Z)) to a sufficiently high power
yields a matrix whose entries are all positive). We assume that
density dependence is such that the population dynamics of the
SDS resident (Eq. 6) have a unique stable non-trivial equilib-
rium i*(z) (a vector of non-negative entries some of which are
positive), which solves

n*(z) = A(z,z,n*(z))n*(z). (7)

The sum of the entries of i* (z) gives the carrying capacity, which
depends on the SDS resident phenotype. From our assumptions
rendering A(z,z,n*(z)) irreducible and primitive and from the
Perron-Frobenius theorem (Sternberg 2010, theorem 9.1.1), it fol-
lows that A(z,z,n*(z)) has an eigenvalue A = 1 that is strictly
greater than the absolute value of any other eigenvalue of the ma-
trix. This A describes the asymptotic growth rate of the resident
population, as the resident population dynamics equilibrium
n*(z) is achieved.

6 Gonzalez-Forero & Gardner

I,

Cﬁ» /’2\

Agel —pi—> Age2 —p2—> o o o —py_1—> Ageh,

Figure 4 Age-structured life cycle. The vital rates shown are
those of rare mutants: a mutant of age a produces f, offspring
and survives to age a + 1 with probability p,. See text for the
vital rates of the resident.

Once the resident population has reached the equilibrium
n*(z), we move on to the resident-mutant population dynam-
ics phase (Fig. 3). A rare mutant control y arises, where y is
a realization of a multivariate random variable. A mutant has
phenotype z = (x;y) where the states x are given by the devel-
opmental constraint (Eq. 5); specifically, the states at age a + 1
for an individual having the mutant control vector y are given
by the developmental constraint

Xll+1 = ga (Zﬂlzl e[l)/ (8)

foralla € {1,..., N, — 1} with initial condition x; = X1, where
the mutant’s environment is given by the environmental con-
straint
€, =hg(z4,2,7). )
Let n,(t) denote the density of mutant individuals of age
a € {1,...,N,;} at ecological time t. The vector of mutant den-
sity at t is n(t) = (n1(t),...,nn,(t))T. Given clonal reproduc-
tion, the population dynamics of the resident and rare mutant
subpopulations are then given by the expanded system

A(z,z,a(t)) 0 a(t)
Alzza(t) ] \n()

n(t+1)
n(t+1) 0

7

where the mutant projection matrix A(z,z,ii(t)) is given by
evaluating the first argument of A(z, z,fi(t)) at the mutant phe-
notype. Hence, A(z,z,#i(t)) is a density-dependent Leslie ma-
trix whose ij-th entry is A;j(z;, z,fi(t)) that gives either the age-
specific survival probability (for i > 1) or the age-specific fertility
(for i = 1) of mutant individuals in the context of the resident.
The rare mutant subpopulation thus has population dynamics
givenby n(t +1) = A(z,z @(¢))n(t).

As mutants are rare, the mutant population dynamics around
the resident equilibrium i* (z) are to first order of approximation
given by

n(t+1) ~Jnt), (10)
where the local stability matrix for the mutant (Appendix 14) is

0A(z,z,n)n a N o
J=—7F— = ( Y Ai(zk, 2, 0)ny
onT n=n* E)n] k=1 ! -
= (Al](z]' _,ﬁ*(i))> .
Explicitly,
i f N1 N,
po 0 .- 0 0
j=[0 p - 0 0], (1)
0 0 pPN,~1 O
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where we denote the mutant’s fertility at age a at the resident
population dynamics equilibrium as

fa=fa (20,2,€0) = A14(24,2,07(Z)) (12a)

and the mutant’s survival probability from age atoa + 1 as

Pa = Pa (Za/ Z/eﬂ) = Aa+1,u (Zﬂrzr i* (Z)) (12b)

We denote the fertility of a neutral mutant of age a as f; =
fa(Za,2,€q) = A1,(24,2,7%(2)) and the survival probability of
a neutral mutant from age a to a + 1 as p;, = pa(24,2,€;) =
Agi1,4(2q,2,1%(2)), where the superscript o denotes evaluation
aty = ¥ (so at z = Z as the resident is a socio-devo equilibrium).

Evolutionary dynamics of controls

We can now identify invasion fitness and use it to obtain an equa-
tion describing the evolutionary dynamics of controls. Invasion
fitness is the asymptotic growth rate of the mutant population
and it enables the determination of whether the mutant invades
the resident population (i.e., whether the mutation increases in
frequency) (Otto and Day 2007). Because we assume that an
individual’s environment €, only depends on ecological time
t through density dependence fi(t) and because J is evaluated
at the resident equilibrium n*, we have that J is constant with
respect to t. Therefore, the asymptotic population dynamics
of the mutant subpopulation around the resident equilibrium
are given to first order of approximation by the eigenvalues
and eigenvectors of J. As for residents, we assume that mu-
tants in the last age class reproduce (fy, > 0) and that mutants
can survive to the last age class with non-zero probability (i.e.,
pa >0foralla € {1,...,N; — 1}); soJ is irreducible (Sternberg
2010, section 9.4). We similarly assume that mutants of at least
two consecutive age classes have non-zero fertility (i.e., f; > 0
and f,11 > 0 for some a € {1,...,N, — 1}); so J is primitive
(Sternberg 2010, section 9.4.1; i.e., raising J to a sufficiently high
power yields a matrix whose entries are all positive). Then, from
the Perron-Frobenius theorem (Sternberg 2010, theorem 9.1.1),
J has a real positive eigenvalue A = A(y,¥) whose magnitude
is strictly larger than that of the other eigenvalues. Such lead-
ing eigenvalue A is the asymptotic growth rate of the mutant
population around the resident equilibrium, and thus gives the
mutant’s invasion fitness. Since the population dynamics of
rare mutants are locally given by Eq. (10) where J projects the
mutant population to the next ecological time step, the mutant
population invades when invasion fitness satisfies A > 1.

We consider the evolutionary change in controls from the
evolutionary time T, specifically the point at which the socio-
devo stable resident is at carrying capacity as marked in Fig. 3, to
the evolutionary time 7 + At at which a new socio-devo stable
resident is at carrying capacity. The vector y is a realization of a
multivariate random variable y with probability density M(y, ¥)
called the mutational distribution (Dieckmann and Law 1996),
with support in RNNe (abusing notation, we denote a random
variable and its realization with the same symbol, as has been
common practice—e.g., Lande 1979 and Lynch and Walsh 1998,
p- 192). We assume that the mutational distribution is such that
(i) the expected mutant control is the resident, Ely] = ¥; (ii)
mutational variance is marginally small (i.e., selection is 6-weak)
such that 0 < E[||y — ¥/?] = tr(covly,y]) = 1 X2, El(yia —
7ia)?] < 1; and (iii) mutation is unbiased, that is, the mutational
distribution is symmetric so skewness is E[(y — §)(y — ¥)T(y —

¥)] = 0. Given small mutational variance, Taylor-expanding A

with respect to y around ¥, invasion fitness is to first order of
approximation given by

. dA _
A=1+(y=-y)" | +O(ly-vI), (13)
Yly=y

where we use the fact that Aly—y = 1 due to density depen-
dence. A given entry of the operator d/dy|y—y, say d/dy,;|y=y,
takes the total derivative with respect to y;, while keeping all
the other controls yj; constant. Hence, we refer to dA/dy|y—y
as the total selection gradient of controls y, which takes the total
derivative considering both developmental constraints (Eq. 8)
and environmental constraints (Eq. 9) (Appendix 16). Thus, the
total selection gradient of controls can be interpreted as measur-
ing total genetic selection. Since the mutant population invades
when A > 1 and mutational variances are marginally small (i.e.,
selection is J-weak), the mutant population invades if and only
if

y-97 4

>0,
dy ly—y

to first-order of approximation. The left-hand side of this in-
equality is the dot product of total selection on controls and the
realized mutational effect on controls (y — §). The dot product
is positive if and only if the absolute value of the smallest an-
gle between two non-zero vectors is smaller than 90 degrees.
Hence, the mutant population invades if and only if total selec-
tion on controls has a vector component in the direction of the
mutational effect on controls.

In Appendix 1, we show that the evolutionary dynamics
of controls are given by a form of the canonical equation of
adaptive dynamics:

Ay dA
A—y =Gy | (14a)
T Yly=y

where

Gy = covly,y] (14b)

is equivalently the mutational covariance matrix (of controls)
and the additive genetic covariance matrix of controls (cf. Eq. 6.1
of Dieckmann and Law 1996, Eq. 23 of Durinx ef al. 2008, p. 332
of Fisher 1922, and Eq. 12 of Morrissey 2015). The canonical
equation typically involves an additional scalar proportional
to mutation rate and population size (cf. Eq. 6.1 of Dieckmann
and Law 1996 and Eq. 23 of Durinx et al. 2008) but Eq. (14a)
does not because of our assumption of deterministic population
dynamics, consistently with previous results (e.g., Egs. 6 and 25
of Wagner 1989).

From our definition of y, Gy is a block matrix whose aj-th
block entry is the matrix Gy, y, = cov[ya, y;], which is the muta-
tional or additive genetic cross-covariance matrix of the controls
ya at age a with the controls y; at age j. In turn, the ik-th entry of
Gy, y; i8 Gy,,y; = COV[Yia, yk]»i which is the mutational or addi-
tive genetic covariance between the control y;, and the control
Ykj- Since y € RNaNex1 then Gy € RNaNexNae,

Using a modification of the terminology of Houle (2001) and
Klingenberg (2005, 2010), we say that there are no genetic con-
straints for a vector { if and only if all the eigenvalues of its
additive genetic covariance matrix G are equal and positive;
that there are only relative genetic constraints if and only if G¢
has different eigenvalues but all are positive; and that there are
absolute genetic constraints if and only if G has at least one zero
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eigenvalue (i.e., G is singular). If { = y, we speak of mutational
rather than genetic constraints. For example, we say there are
absolute mutational constraints if and only if Gy is singular, in
which case there is no mutational variation in some directions of
control space. Hence, if there are absolute mutational constraints
(i.e., Gy is singular), the evolutionary dynamics of controls can
stop (i.e., Ay/At = 0) with a non-zero total selection gradient of
controls (i.e., dA/dyly=y 7# 0) (because a homogeneous system
Ax = 0 has non-zero solutions x with A singular if there is any
solution to the system).

As the resident controls evolve, the resident state variables
evolve. Specifically, at a given evolutionary time 7, from Eq. (8)
resident states are given by the recurrence equation

Xp+1 = 8o = 8a(Za, Z,&4), (14c)

foralla € {1,...,N; — 1} with x| constant and &, = h,(2,, 2, 7).
Intuitively, the evolutionary dynamics of states thus occur as
an outgrowth of the evolutionary dynamics of controls and are
modulated by the environmental dynamics.

Eq. (14a) describes the evolutionary dynamics of controls and
Eq. (14c) describes the developmental dynamics of states, so to-
gether Egs. (14) describe the evo-devo dynamics. To characterize
the evo-devo process, we obtain general expressions for the total
selection gradient of controls and for the evolutionary dynamics
of the phenotype and the metaphenotype. To do this, we first de-
rive the classical form of the selection gradient in age-structured
populations, upon which we build our derivations.

Selection gradient in age-structured populations

To calculate the evo-devo dynamics given by Egs. (14), we need
to calculate the total selection gradient of controls dA/dy|y—y.
Since the life cycle is age structured (Eq. 11 and Fig. 4), the
total selection gradient of controls has the form of the selection
gradient in age structured populations, which is well-known
but we re-derive it here for ease of reference.

We first use an eigenvalue perturbation theorem to write the
selection gradient, which suggests a definition of relative fitness.
Let  and { respectively denote a resident and mutant trait value
(or more specifically, { is an entry of t and  is an entry of m).
From a theorem on eigenvalue perturbation (Eq. 9 of Caswell
1978 or Eq. 9.10 of Caswell 2001), the selection gradient of ( is

A (3] )
aC y=y © vOTu® aC y=y
o (Vi .
= veTu® Z Z (ag yf’) M]-, (15)

i=1j=

where v and u are respectively dominant left and right eigenvec-
tors of J (Eq. 11). The vector v lists the mutant reproductive val-
ues and the vector u lists the mutant stable age distribution. In
turn, v° = v|y—y lists the neutral (mutant) reproductive values
and u® = u|y—y lists the neutral (mutant) stable age distribution.
Substituting J;; for the entries in Eq. (11) yields

) ., (16)

oA 1 & f] . 9P
gy VTR E‘u' ( o |y + Uit aq |y

where we let vy, 11 = 0 without loss of generality. Eq. (15) moti-
vates the definition of the relative fitness of a mutant individual
per unit of generation time as

Na N,

voTu® Z Z v?]l]u] (17)

i=1j=1

1
w = voTJu® =
veTu®

8 Gonzélez-Forero & Gardner

(cf. Lande 1982, his Eq. 12c) and of the relative fitness of a mutant
individual of age j per unit of generation time as

1 1
wj = ngf]iju; = Wu]‘-’ (vi’](jJrv;’Hpj) . (18)
We now obtain that relative fitness depends on the so-called
forces of selection, which decrease with age. Age-specific relative
fitness (Eq. 18) depends on the neutral stable age distribution
u? ; and the neutral reproductive value v? Y which are well-
known quantities but we re-derive them in Appendix 2 for ease
of reference. We obtain that the neutral stable age distribution
and neutral reproductive value are

u]‘-’ zﬂ;’ui’ (19a)

1,
v =71 L ifi (19b)
S
forje {1,..
value. The quantity KO Hk 1 Py is the survivorship of neutral

mutants from age 1 to age j. Hence, the weights on fertility and
survival in Eq. (18) are

.,Na} and where u] and v] can take any positive

0 ,,0
ujop 1

- OfTuo =74 (20a)
u;v%_l 11 M o
ot — T LGS (20b)
v Pi k=it1
where generation time is
Nﬂ
T= j(;-’ ]-O (21)
j=1

(Charlesworth 1994, Eq. 1.47c; Bulmer 1994, Eq. 25, Ch. 25; Bi-
envenu and Legendre 2015, Egs. 5 and 12). Egs. (19) and (20)
recover classic equations (Hamilton 1966 and Caswell 1978, his
Egs. 11 and 12). We denote the forces of selection on fertility at
age j as

¢i(z) = 7 (22a)
and on survival at age j as
Na
A (22b)

i k=j+1

which are independent from the mutant trait value because they
are evaluated at the resident trait value. It is easily checked that
¢; and 71; decrease with j (respectively, if p]‘? < 1land f]"+1 >0
provided that p}? changes smoothly with age).

We can then obtain a biologically informative expression for
the selection gradient in terms relative fitness. Using Egs. (18),
(20), and (22), a mutant’s relative fitness at age j is

1
wy = 1 (946 + mp5) (23)
or with explicit arguments using Eq. (12),
1
= 6@z 2.6) + m(@)p(z2.6)] . @4

Using Egs. (17), (18), and (23), a mutant’s relative fitness is

1 Na
w= Zw T ; <4>jfj + ﬂjp]-> , (25)

j=1

Wj(Zj,Z,ej) =
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or with explicit arguments,
Na
w(z,Z,€) = ij(zj,z,ej). (26)
j=1

From Egs. (15) and (17), the selection gradient entry for trait { is

Al _ow _%%
Wlyy Clyy = 9 ly—y

The same procedure applies for total rather than partial deriva-
tives, so the total selection gradient of { is

da
d¢

_dw

Na dw]
= dig —

=y = de 7

y=y y=y

It is often convenient to write selection gradients in terms
of lifetime reproductive success if possible. In Appendix 3, we
re-derive that the selection gradients can be expressed in terms
of expected lifetime reproductive success, as previously known
(Bulmer 1994; Caswell 2009), because of our assumption that
mutants arise when residents are at carrying capacity (Mylius
and Diekmann 1995). For our life cycle, a mutant’s expected
lifetime reproductive success is

Na
Ro= Y !ifj (28)
j=1

(Caswell 2001). In Appendix 3, we show that the selection gradi-
ent can be written as

oA 1 JdRy
— == — , (29a)
Wly—y T 9 ly—y
and that the total selection gradient can be written as
Cly=y ¢ ly=y

which recover previous equations (Bulmer 1994, Eq. 25 of Ch. 5;
and Caswell 2009, Egs. 58-61).

Data Availability

All data necessary for confirming the conclusions of the article
are present within the article, figures, tables, and appendices.

Results

We obtain a series of equations that describe the evolutionary
dynamics of genetic and developed traits as well as the environ-
ment. Since developmental (Eq. 8) and environmental (Eq. 9)
constraints are explicit, these equations provide formulas for ge-
netic covariation and other high-level quantities from low-level
mechanistic processes. We term the resulting set of equations
the “evo-devo process”. It is convenient to arrange the evo-
devo process in a layered structure, where each layer is formed
by components in layers below (Fig. 5). We thus present the
evo-devo process starting from the lowest-level layer up to the
highest. The derivations of all these equations are provided in
the Appendices.

Layer 1: elementary components

All the components of the evo-devo process can be calculated
from models or estimation of five elementary components. These
elementary components are the mutational covariance matrix
Gy, fertility f;(z,,Z,€,), survival probability p,(zs,Z, €,), devel-
opmental map g, (24, Z, €,), and environmental map h,(z,, z, 7)
for all ages a (Fig. 5, Layer 1).

Layer 2: direct effects

We now obtain the equations for the next layer, that of the direct-
effect matrices which constitute nearly elementary components
of the evo-devo process. Direct-effect matrices measure the effect
that a variable has on another variable without considering any
constraints. Direct-effect matrices capture various effects of
age structure, including the declining forces of selection as age
advances.

Direct-effect matrices include Lande’s (1979) selection gradi-
ents, which have the following structure due to age-structure.
The selection gradient of states or, equivalently, the block column
vector of direct effects of a mutant’s states on fitness is

ow _ ( ow  ow )
X |y_y ox;” T oxp,

€ RNNX1 - (30)

which measures directional selection on developed traits (Lande
1979). Note that the second line in Eq. (30) takes the derivative
of fitness at each age, which from Eq. (24) contains weighted
fertility and survival effects of states at each age. Similarly, the
selection gradient of controls or, equivalently, the block column
vector of direct effects of a mutant’s controls on fitness is

ow [ ow ow
(2 e
Iy1 dyN,
which measures directional selection on controls (Lande 1979).

The selection gradient of the environment or, equivalently, the block
column vector of direct effects of a mutant’s environment on fitness

is
= aﬂ- . au]
- Jeq ! " oe N,
_ (9wi. dwn,
o 861 ! " de N,
which measures the environmental sensitivity of selection
(Chevin et al. 2010). The selection gradients in Egs. (30)—(32)
capture the declining forces of selection in that increasingly
rightward block entries have smaller magnitude if survival and
fertility effects are of the same magnitude as age increases.
We use the above definitions to form the selection gradients

of the phenotype and metaphenotype. The selection gradient of
the phenotype is

- (aﬁaﬂ)
y=¥ ox’ dy

and the selection gradient of the metaphenotype is

| _ (o0 o0 g
ox’ dy’ de

y=y

e RNNext o (31)

y=y

aiw
Jde

y=y y=y

e RNNexX1 0 (32)

y=y

ow

Jw € RNa(Ns+No)x1
0z !

y=y

c ]RNB(NS-FNC—s-Ne)xl.

y=y

om|y_y
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A Evolutionary-developmental dynamics B Evolutionary dynamics of the phenotype C Evolutionary dynamics of the metaphenotype
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Figure 5 The evo-devo process and its layered structure. Here

we summarize the equations composing the evo-devo process ar-

ranged in a layered structure. Each layer is formed by components in layers below. Layer 7 describes the evolutionary dynamics
equivalently as (A) evo-devo dynamics, as (B) evolutionary dynamics of the phenotype, or as (C) evolutionary dynamics of the
metaphenotype. (D) Layer 6 describes genetic covariation. (E) Layer 5 describes stabilized effects (total derivatives after socio-devo
stabilization, denoted by s/s). (F) Layer 4 describes total effects (total derivatives before socio-devo stabilization, denoted by d/d,
which consider both developmental and environmental constraints). (G) Layer 3 describes semi-total effects (semi-total deriva-

tives, denoted by 6 /4, that is, total derivatives considering envi

ronmental but not developmental constraints). (H) Layer 2 describes

direct effects (partial derivatives, denoted by d/9, which do not consider any constraints). (I) Layer 1 comprises the elementary
components of the evo-devo process that generate all layers above. All derivatives are evaluated at y = §. See text for the equations
of direct-effect matrices, which have structure due to age structure. See Fig. 2 and Table 1 for the meaning of symbols.

Direct-effect matrices also include matrices that measure de-
velopmental bias. These matrices have specific, sparse structure
due to the arrow of developmental time: changing a trait at a given
age cannot have effects on the developmental past of the indi-
vidual and only directly affects the developmental present or
immediate future. The block matrix of direct effects of a mutant’s
states on her states is

ox] ax}\,a
Tm 8x1
oxT _
oxX |,_o :
y=y aler axTNa
aXNa aXNa y=y
ox)
e 0 0
0 1 - 0 0
S F (332)
ox1
N,
0 0 I 2
XN, 1
0 0 -0 I )

NaNsx N N,
ERasXas’

10 Gonzalez-Forero & Gardner

which can be understood as measuring developmental bias from
states. The equality (33a) follows because the direct effects of a
mutant’s states on her states are only non-zero at the next age
(from the developmental constraint in Eq. 8) or when states are
differentiated with respect to themselves. Analogously, the block
matrix of direct effects of a mutant’s controls on her states is

ox] ax}\,a
dy1 Iy1
| _ | .
Y |y—y ‘
y=y aler axTNa
aYNa aYNa y=y
9 T
% 0 0
dy1
0 0 - 0 0
=1: = : (33b)
ox\
o 0 ... 0 —N_
JYN, -1
0 0 --- 0 0 _

N, N x N,y Ng
EIRac as/
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which can be understood as measuring developmental bias from
controls. Note that the main block diagonal is zero.

Direct-effect matrices also include a matrix measuring plas-
ticity. Indeed, the block matrix of direct effects of a mutant’s envi-
ronment on her states is

ox] ax}\,q
de1  oey
ol
de | = . .
y=y ax'lr axTNa
aeNa aeNa y=y
oxJ
2
— 0 0
861
0 0 - 0 0
=|: o : (33¢)
ox].
0 0 N
aeNa,1
0 0 e 0 0 _

NaNe x N3 Ng
EIRae aA,

which can be understood as measuring plasticity (Noble et al.
2019).

In turn, direct-effect matrices include matrices describing
niche construction. The block matrix of direct effects of a mutant’s
states or controls on her environment is

oe] 361T\fa
A
ag :_: . .
dCN, N,/ ly—y
E)e{ 0 0 0
a0y
o€l 0 0
90>
=| : S : : (33d)
deN, 1
0 0 —_— 0
N, —1 :
de
0 0 5 Na
N/ ly=y

for € {x,y}, which can be understood as measuring niche con-
struction by states or controls. The equality (33d) follows from
the environmental constraint in Eq. (9) since the environment
faced by a mutant at a given age is directly affected by mutant
states or controls at the same age only (i.e., ae]T/ o, = 0 for
a ).

Direct-effect matrices also include matrices describing mutual
environmental dependence. The block matrix of direct effects of a
mutant’s environment on itself is

oe] dey,
de1  oep
2 N -
ae o - . .
y=y aeI ae}]d
aeNa BeNa <

oe]
S 0 0 0
1
0 %] 0 0
862
oel
0 0 Nazl
JEN, 1
oel
0 0 0 Na
%N, / ly-y
=1 RMNXNNe (34)

which measures mutual environmental dependence. The second-
to-last equality follows from the environmental constraint (Eq. 9)
and the last equality follows from our assumption that environ-
mental variables are mutually independent, so o€l /de, \y:y =1
for all @ € {1,...,Na}. It is conceptually useful to write
0€eT/d€e|y=y rather than only I, and we do so throughout.

Additionally, direct-effect matrices include matrices describ-
ing social developmental bias, which capture effects of extra-
genetic inheritance and indirect genetic effects. The block matrix
of direct effects of social partners” states or controls on a mutant’s
states is

o X,
ol ol
oxT _ .§1 . .gl
al_. | :
R E R
o, o, y=y
I
4} a0y
0 oxJ ax;\,a
= Cle) al» , (35)
P T
9N, N,/ ly—y

for { € {%,y}, where the equality follows because states x; at the
initial age are constant. The matrix in Eq. (35) can be understood
as measuring social developmental bias from either states or
controls, including extra-genetic inheritance and indirect genetic
effects. This matrix can be less sparse than previous direct-effect
matrices because the mutant’s states can be affected by the states
or controls of social partners of any age.

Direct-effect matrices also include matrices describing social
niche construction. The block matrix of direct effects of social
partners’ states or controls on a mutant’s environment is

oel del,.
—_— = : ) , (36)
Mo\ o,

for { € {%,y}, which can be understood as measuring social
niche construction by either states or controls. This matrix does
not contain any zero entries in general because the mutant’s
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environment at any age can be affected by the states or controls
of social partners of any age.

We use the above definitions to form direct-effect matrices
measuring niche construction by the phenotype and social niche
construction by partners’ phenotypes. The block matrix of direct
effects of a mutant’s phenotype on her environment is

aeiT = (aei-r aﬂ) ‘ e RNa(Ns+Nc)XNaNe (37)
oz y=7 ox’ d y=¢

which measures niche construction by the phenotype. The block
matrix of direct effects of social partners’ phenotypes on a mutant’s
environment is

JeT B (aeT 0eT )
0z |y_g ox ' dy
which measures social niche construction by partners” pheno-
types.
We will see that the evolutionary dynamics of the environ-
ment depends on a matrix measuring “inclusive” niche con-
struction. This matrix is the transpose of the matrix of direct

social effects of a focal individual’s phenotype on hers and a partner’s
environment

d(e+é)
0zT

c IRNa(NSJrNC)XNaNe’ (38)

y=y

_ (ai L aj) ‘ € RNNexNa(Ne+NO) (39
y=y 92T 02T /|y
where we denote by € the environment a resident experiences
when she develops in the context of mutants (a donor perspec-
tive for the mutant). Thus, this matrix can be interpreted as
inclusive niche construction by the phenotype. Note that the sec-
ond term on the right-hand side of Eq. (39) is the direct effects
of social partners’ phenotypes on a focal mutant (a recipient
perspective for the mutant). Thus, inclusive niche construction
by the phenotype can be equivalently interpreted either from a
donor or a recipient perspective.

Layer 3: semi-total effects

We now proceed to obtain the equations of the next layer of the
evo-devo process, that of semi-total effects. Semi-total-effect
matrices measure the total effects that a variable has on another
variable considering environmental constraints, without consid-
ering developmental constraints (Appendix 16).

Semi-total-effect matrices include semi-total selection gradi-
ents, which capture some of the effects of niche construction.
The semi-total selection gradient of vector { € {x,y,z} is

ow

dw B (aiw_'_aeT aw)
Tlyey ~ \

o e
Thus, the semi-total selection gradient of { depends on direc-
tional selection on Z, niche construction by , and environmental
sensitivity of selection, without considering developmental con-
straints. Consequently, semi-total selection gradients measure
semi-total selection, which is directional selection in the fitness
landscape modified by the interaction of niche construction and
environmental sensitivity of selection.

Semi-total selection on the environment equals directional
selection on the environment because we assume environmen-
tal variables are mutually independent. The semi-total selection
gradient of the environment is

- (o)
y=y Je de
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) (40)

y=y

ow

S € RNaNex1, (41)

y=y

Given our assumption that environmental variables are mutually
independent, the matrix of direct effects of the environment
on itself is the identity matrix. Thus, the semi-total selection
gradient of the environment equals the selection gradient of the
environment.

Semi-total-effect matrices also include matrices describing
semi-total developmental bias, which capture additional effects
of niche construction. The block matrix of semi-total effects of
T € {x,y,%X, ¥} on a mutant’s states is

(s
AN

Thus, the semi-total effects of { on states depend on the devel-
opmental bias from {, niche construction by {, and plasticity,
without considering developmental constraints. Consequently,
semi-total effects on states can be interpreted as measuring semi-
total developmental bias, which measures developmental bias in
the developmental process modified by the interaction of niche
construction and plasticity.

Finally, semi-total-effect matrices include matrices describing
semi-total plasticity, which equals plasticity because environ-
mental variables are mutually independent. The block matrix of
semi-total effects of a mutant’s environment on her states is

oxT

e (42)

y=y

deT oxT
g oe

o
o€

deT oxT

y=y Je de

€ RNaNex Mol (43)

y=y

Given our assumption that environmental variables are mutually
independent, the matrix of direct effects of the environment on
itself is the identity matrix. Thus, the semi-total effects of the
environment on the states, or semi-total plasticity, equal the
direct effects of the environment on states, that is, plasticity.

Layer 4: total effects

We now move to obtain equations for the next layer of the evo-
devo process, that of total-effect matrices. Total-effect matrices
measure the total effects of a variable on another one consid-
ering both developmental and environmental constraints, but
before the effects of social development have stabilized in the
population.

The total effects of states on themselves describe developmen-
tal feedback. The block matrix of total effects of a mutant’s states
on her states is

dxT ( (SXT)l N, (fsxT )“
(a2 =Y (& -1 (44)
d = ox yoy il ox

NaNs x N, N
G]Ra‘ as,

which we prove is always invertible (Appendix 4, Eq. A32). This
matrix can be interpreted as a lifetime collection of developmen-
tally immediate pulses of semi-total effects of states on them-
selves. Thus, total effects of states on themselves describe total
developmental bias from states, or developmental feedback which
may cause major phenotypic effects at subsequent ages. By
depending on semi-total developmental bias from states, devel-
opmental feedback depends on developmental bias from states,
niche-construction by states, and plasticity (Eq. 42). Eq. (44) has
the same form of an equation provided by Morrissey (2014) for
his total-effect matrix of traits on themselves (his Eq. 2) if there
is no plasticity or niche construction by states.
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The total effects of controls on states correspond to Wagner’s
developmental matrix. The block matrix of total effects of a mu-
tant’s controls on her states is given by

- (5
y=y by dx
which is singular because initial states are not affected by any
control and final controls do not affect any state (so dxT/dy|y—y
has rows and columns that are zero; Appendix 5, Eq. A54). From
Eq. (45), this matrix can be interpreted as involving a devel-
opmentally immediate pulse caused by a change in controls
followed by the developmental feedback triggered among states.
The matrix of total effects of controls on states measures total
developmental bias from controls and corresponds to Wagner’s
(1984, 1989) developmental matrix (his B) (see also Martin 2014).
The total effects of the environment on states measure total
plasticity. The block matrix of total effects of a mutant’s environment
on her states is
Ll (Eﬁ)
de y=y de dx

dxT
dy

K RNaNexNaNs (45)
y=y

c ]RNaNe X NaNs, (46)

y=y
which measures total plasticity, considering both environmen-
tal and developmental constraints. Thus, total plasticity can
be interpreted as a developmentally immediate pulse of plas-
tic change followed by the developmental feedback triggered
among states.

The total effects of social partners” controls or states on states
measure total social developmental bias. The block matrix of
total effects of social partners’ states or controls on a mutant’s states is

oxT de> ’
= | —— 47)
( 5 Jlyy

for { € {x,y}. This matrix can be interpreted as measuring total
social developmental bias from states or controls, as well as total
effects on states of extra-genetic inheritance, and total indirect
genetic effects. From Eq. (47), total social developmental bias can
be interpreted as a developmentally immediate pulse caused by
a change in social partners’ traits followed by the developmental
feedback triggered among the mutant’s states.

Total effects on controls are simple since controls are open-
loop. The block matrix of total effects of a mutant’s controls on
themselves is

dxt
aZ

y=y

dy?

_ N,N.x N, N,
dy | “IER , (48)

y=y

and the block matrix of total effects of a vector { €

{x,€,x,¥,2,& m} on a mutant’s controls is

dy?
dg

These two equations follow because controls are open-loop (Ap-
pendix 5, Eq. A51).

Total effects of states and controls on the environment quan-
tify total niche construction. Total niche construction by states is
quantified by the block matrix of total effects of a mutant’s states
on her environment

e (da0en)
dx y=5 dx ox

=0.
y=y

y=y

— (%%) c RNQNSXNaNe/ (49)
y=y

which can be interpreted as showing that developmental feed-

back of states occurs first and then direct niche-constructing

effects by states follow. Similarly, total niche construction by

controls is quantified by the block matrix of total effects of a mu-

tant’s controls on her environment

| (e, den)
dy [y—y dy ox Iy / ly—y
T 9eT
= (ii%i) c RNaNcXNaNe’ (50)
Y 9z Jly=y

which depends on niche construction by controls and on total
developmental bias from controls followed by niche construc-
tion by states. The analogous relationship holds for total niche
construction by the phenotype, quantified by the block matrix
of total effects of a mutant’s phenotype on her environment

- (te)
y=y dz oz

det
dz

c ]RNa(Ns+Nc)><NaNe/ (51)
y=y
which depends on developmental feedback across the pheno-
type and niche construction by the phenotype.

Total effects of the environment on itself quantify environ-
mental feedback. The block matrix of total effects of a mutant’s
environment on her environment is

deT (aeT dxT deT )
==+
. de

ae’ dax’ oe’ RNaNexNaNe >
de |,y de ox < » (2

y=y

measuring environmental feedback, which includes mutual envi-
ronmental dependence plus total plasticity followed by niche
construction by states.

We can use some of the previous total-effect matrices to con-
struct the following total-effect matrices. The block matrix of
total effects of a mutant’s states on her phenotype is

:(ﬁ @)
y:}—,_ dx dx
_ [ dxT
‘(& 0

measuring total developmental bias from states on the pheno-
type. The block matrix of total effects of controls on her phenotype

is
S (&)
y=y dy dy Jly—y
T
(5 )
dy
measuring total developmental bias from controls on the phe-
notype. When we later consider additive genetic covariances, it
will be important that this matrix dzT /dy is singular since it has
fewer rows than columns (Horn and Johnson 2013, p. 14).

The block matrix of fotal effects of a mutant’s phenotype on her
phenotype is

da?
dx

y=y
c RNaNSXNa(Ns+NC), (53)
y=y

daT
dy

c ]RNaNcXNa(Ns+Nc), (54_)

y=y

i dyT R
dzT _ dx dx B dx (55)
0 |yog ~ | dxT ayT LR

dy dy /lyy dy y=y
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c IRNa (N5+Nc) XN, (N5+Nc)

which can be interpreted as measuring developmental feedback
across the phenotype. Since dzT/dz|y—y is square and block
lower triangular, and since dxT/dx|y—y is non-singular (Ap-
pendix 4, Eq. A32), we have that dzT/ dz\y:y is non-singular.

The block matrix of total effects of a mutant’s states on her
metaphenotype is

dmT| (b0 dyr der)
dx y:)-,i dx dx  dx /ly—y
T T
- (di di) (56)
dx dx y=y
c ]I{NaNSXNa<Ns+Nc+Ne)

measuring total developmental bias from states on the metaphe-
notype. The block matrix of total effects of a mutant’s controls on

her metaphenotype is
_ (&7 dyT det
S \dy dy dy

dmT
_ (E E)
dy dy /|y

dy
c RNachNa(N5+NC+Ne)

y=y y=y

(57)

=y

measuring total developmental bias from controls on the
metaphenotype, and which is singular because it has fewer rows
than columns.

The block matrix of total effects of a mutant’s environment on her
metaphenotype is

dmt| (9 den)
de y=y de de de y=y
dxT deT
= (di T) (58)
€ €/ ly=y
€ RNaNexNa (Ns+Ne-+Ne)

measuring total plasticity of the metaphenotype. The block
matrix of total effects of a mutant’s phenotype on her metaphenotype
is

dmT dT o deT
dmT _ dx B dx dx -
Gz |y g~ [amr || T laa o der &9
dy /ly—y N\ dy dy 7 ly—y

c RNa(Ns+Nc) X Na(N5+Nc+Ne)’

measuring total developmental bias from the phenotype on the
metaphenotype. The block matrix of total effects of a mutant’s
metaphenotype on her metaphenotype is

dmT X deT
dx dx dx
T T T T
m |, g dy dy dy
dm? dxT o det
de / ly=y de de / ly=y

Na(Ns+Ne+Ne ) X Na (Ns+Nc+N,
e]l'{ a( s+ Nc+ e)x a( s+ Nc+ e)[

measuring developmental feedback across the metaphenotype,

and which we show is non-singular (Appendix 12).

14 Gonzélez-Forero & Gardner

We will see that the evolutionary dynamics of developed
traits depends on a matrix measuring “inclusive” total develop-
mental bias. This matrix is the transpose of the matrix of total
social effects of a focal individual’s controls or states on hers and a

partner’s states
_ (X, &x
y=y der — agr

for { € {x,y} where we denote by X the states that a resident
develops in the context of mutants (a donor perspective for the
mutant). Thus, this matrix can be interpreted as measuring in-
clusive total developmental bias. Note that the second term on
the right-hand side of Eq. (61) is the total effects of social part-
ners’ states or controls on a focal mutant (a recipient perspective
for the mutant). Thus, inclusive total developmental bias can
be equivalently interpreted either from a donor or a recipient
perspective.

Having written expressions for the above total-effect matrices,
we can now write the total selection gradients, which measure
directional selection considering both developmental and en-
vironmental constraints. In Appendices 4-8, we show that the
total selection gradient of vector { € {x,y,z,€,m} is

dw

atly, = (& om)|
dZ ly—y dg om /|, o’

which has the form of the chain rule in matrix notation. Hence,
the total selection gradient of { depends on directional selec-
tion on the metaphenotype and the total effects of  on the
metaphenotype. Consequently, the total selection gradient of
{ measures total selection on {, which is directional selection
on the metaphenotype transformed by the total effects of  on
the metaphenotype considering developmental and environ-
mental constraints. Total selection gradients closely correspond
to Morrissey’s (2014, 2015) notion of extended selection gradi-
ent (denoted by him as 7). Total selection gradients take the
following particular forms.
The total selection gradient of states is

dul (030, detiuy)
dx y=y dx ox dx Jde y=y

B (de (Sw)
dx ox /|y_g
- ( dzT (Sw) ‘
dx 0z /|,y
_ (dmT Jw
N ( dx 87m)
This gradient depends on directional selection on states (Eq. 30)
and directional selection on the environment (Eq. 32). It also
depends on developmental feedback (Eq. 44) and total niche
construction by states, which also depends on developmental
feedback (Eq. 49). Consequently, the total selection gradient of
states can be interpreted as measuring total selection on devel-
oped traits in the fitness landscape modified by developmental
feedback and by the interaction of total niche construction and

environmental sensitivity of selection.
The total selection gradient of controls is

deT ow
dy ode

d(x+x)

e : (61)

y=y

(62)

(63)

y=y

dw
dy

_ (dxTow  ow

=55+ (64)
y=3 ( dy ox 9dy

y=y
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(AT (5w (Sw
~ \dy 5x y=y
_ (dzT dw
~ \dy oz
B (me Bw)
dy om /[, g

B ( oxT dw n 5w)

by dx oy y=y
This gradient not only depends on directional selection on states
and the environment, but also on directional selection on con-
trols (Eq. 31). It also depends on Wagner’s (1984, 1989) develop-
mental matrix (Eq. 45) and on total niche construction by con-
trols, which also depends on the developmental matrix (Eq. 50).
Consequently, the total selection gradient of controls can be
interpreted as measuring total genetic selection in a fitness land-
scape modified by the interaction of total developmental bias
from controls and directional selection on developed traits and
by the interaction of total niche construction by controls and
environmental sensitivity of selection.

To derive equations describing the evolutionary dynamics of
the metaphenotype, we make use of the total selection gradient
of the environment, although such gradient is not necessary to
obtain equations describing the evolutionary dynamics of the
phenotype. The total selection gradient of the environment is

dw

- (65)
de |y_g

_ (&7, deTaw
~ \de ox de oe

(St sy
de ox = Je y=y
dmT Jw
“de om
_ (T dw
— \ de dx

y=y

=y

),

This gradient depends on total plasticity and on environmental
feedback, which in turn depends on total plasticity and niche
construction by states (Eq. 52). Consequently, the total selection
gradient of the environment can be understood as measuring
total selection on the environment in a fitness landscape modi-
fied by environmental feedback and by the interaction of total
plasticity and directional selection on developed traits.

We can combine our expressions for the total selection gradi-
ents of states (x) and controls (y) into the total selection gradient
of the phenotype (z = (x;y)). The total selection gradient of the
phenotype is

du| _(dw, derim) .
dz y=5 dz oz dz de

_ (daTow

-\ dz ¢z y=y

_ (dmT ow

~ \ dz om
Thus, the total selection gradient of the phenotype can be in-
terpreted as measuring total phenotypic selection in a fitness

landscape modified by developmental feedback across the phe-
notype and by the interaction of total niche construction by the

y=y

phenotype and environmental sensitivity of selection. In turn,
the total selection gradient of the metaphenotype is

dw|  _ (meaﬁ)‘
dm y=7 dm om y=7

(67)

which can be interpreted as measuring total metaphenotypic
selection in a fitness landscape modified by developmental feed-
back across the metaphenotype.

Layer 5: stabilized effects

We now move on to obtain equations for the next layer of the evo-
devo process, that of stabilized-effect matrices. Stabilized-effect
matrices measure the total effects of a variable on another one
considering both developmental and environmental constraints,
now after the effects of social development have stabilized in
the population. Stabilized-effect matrices arise in the derivation
of the evolutionary dynamics of states and environment as a
result of social development. If development is not social (i.e.,
dxT/dz|y=y = 0), then all stabilized-effect matrices (s{7/s¢|y=y)
except one (sxT/sX|y—y) reduce to corresponding total-effect
matrices (dZ7/d|y=y).

The stabilized effects of a focal individual’s states on social
partners’ states measure social feedback. The transpose of the
matrix of stabilized effects of a focal individual’s states on social

partners’ states is
-1 B -1
y=y X! ly—y

sX ( dx
— =(1- =
SXT ly=y dxT
=) dx 0—1
a (,; (di(T)

where the last equality follows by the geometric series of matri-
ces. The matrix sx/sxT|y—y is invertible by our assumption that
all eigenvalues of dx/dxT |y—y have absolute value strictly less
than one, to guarantee that the resident is socio-devo stable. The
matrix sx/sXT |y=y can be interpreted as as a collection of total
effects of a focal individual’s states on social partners’ states over
socio-devo stabilization (Eq. 4); or vice versa, of social partners’
states on a focal individual’s states. Thus, the matrix sx/sxT |y:)—,
describes social feedback arising from social development. This
matrix closely corresponds to an analogous matrix found in the
indirect genetic effects literature (Moore et al. 1997, Eq. 19b and
subsequent text). If development is not social from states (i.e.,
dxT/dX|y=y = 0), then the matrix sx/sXT |y=y is the identity ma-
trix. This is the only stabilized-effect matrix that does not reduce
to the corresponding total-effect matrix when development is
not social.

The stabilized effects of a focal individual’s states or controls
on her states measure stabilized developmental bias. We define
the transpose of the matrix of stabilized effects of a focal individual’s
states or controls on states as

for { € {x,y}. This matrix can be interpreted as measuring
stabilized developmental bias from {, where a focal individual’s
controls or states first affect the development of her own and
social partners’ states which then feedback to affect the individ-
ual’s states. Stabilized developmental bias is “inclusive” in that
it includes both the effects of the focal individual on herself and

c ]RNaNsXNaNs’ (68)

y=y

SX

;;Zfij y , ((35921)

y=y
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on social partners. Note that if development is not social (i.e.,
dxT/dz|y—y = 0), then a stabilized developmental bias matrix
(sx/s{T|y=y) reduces to the corresponding total developmental
bias matrix (dx/d{T |y=y).

The stabilized effects of the environment on states measure
stabilized plasticity. The transpose of the matrix of stabilized
effects of a focal individual’s environment on states is

sX B < sx dx )‘
Tly—y  \ sxT deT _
seT ly=y sxT de y=y

€ RNNxNoNe, (69b)

This matrix can be interpreted as measuring stabilized plasticity,
where the environment first causes total plasticity in a focal
individual and then the focal individual causes stabilized social
effects on social partners. Stabilized plasticity does not consider
inclusive effects of the environment. If development is not social
(i.e., dxT/dz|y—y = 0), then stabilized plasticity reduces to total
plasticity.

The stabilized effects on controls are simple since controls are
open-loop. The transpose of the matrix of stabilized effects of a
focal individual’s states or environment on controls is

_ dy
y=y 4T

Sy
s¢T

for { € {x, €} and the transpose of the matrix of stabilized effects
of a focal individual’s controls on controls is

= 0, (70a)

y=y

_ dy
y=y 7

A

—1 & RNaNexNaNc|
syT

(70b)

y=y

These two equations follow because controls are open-loop.
The stabilized effects of states or controls on the environment
measure stabilized niche construction. Although the matrix

S€
sxT ly=y

appears in some of the matrices we construct, it is irrelevant as
it disappears in the matrix products we encounter. The follow-
ing matrix does not disappear. The transpose of the matrix of
stabilized effects of a focal individual’s controls on the environment is

B (8(6—!—?:)3)
y=y 0zT  syT

€
SS? € RNaNexNaNe (71a)

y=y

which is formed by stabilized developmental bias from controls
on the phenotype followed by inclusive niche construction by
the phenotype. This matrix can be interpreted as measuring
stabilized niche construction by controls. Note that if develop-
ment is not social (i.e., dxT/ d2|y:y = 0), then stabilized niche
construction by controls reduces to total niche construction by
controls (see Egs. 50 and 39).

The stabilized effects of the environment on itself measure
stabilized environmental feedback. The transpose of the ma-
trix of stabilized effects of a focal individual’s environment on the
environment is

s (M sz 86)

_ sz J€ N,Nex N, Ne
S€T ly—y 0zT seT ' OeT €R , (710)

y=y

which is formed by stabilized plasticity of the phenotype, fol-
lowed by inclusive niche construction by the phenotype, plus
mutual environmental dependence.

The following stabilized-effect matrices are simply collections
of already defined stabilized-effect matrices. The transpose of

16 Gonzélez-Forero & Gardner

the matrix of stabilized effects of a focal individual’s controls on the
phenotype is

SZ

_ (ﬂi)‘ € RM(NHNDXNNe (7
_ syT’ syT .
y=y y=y

syT
measuring stabilized developmental bias from controls on the
phenotype. The transpose of the matrix of stabilized effects of a
focal individual’s environment on the phenotype is

seT’ seT (72b)

5z = ( sx . Sj] ) ‘ c H{PJa(IV;4’IV£)><IV;IVé’
seT ly=y y=y

measuring stabilized plasticity of the phenotype. The transpose
of the matrix of stabilized effects of a focal individual’s phenotype on
the phenotype is

SX SX SX SX
Sz | sxTsyT SsxT SyiT 73)
szlly=y | 5y sy 0 1

sxT  syT y=y y=y

(E H{IVQ(IV547PJC)><IVa<IVS4fFJC)

measuring stabilized developmental feedback across the phe-
notype. The transpose of the matrix of stabilized effects of a focal
individual’s controls on the metaphenotype is

sm
syT

SX . Sy . s€ Na(Ns+Nc+Ne) x N, N,
= ( >’ e]R a( s+Nc+ e)x a cl
y=y y=¥

(74a)

measuring stabilized developmental bias from controls on the
metaphenotype. The transpose of the matrix of stabilized effects
of a focal individual’s environment on the metaphenotype is

sm — ( Sx . Sy . s€ )‘ € RNa(Ns+Ne+Ne) x NaNe
seT ly=y seT’ seT’ seT/ ly=y !
(74b)

measuring stabilized plasticity of the metaphenotype. Finally,
the transpose of the matrix of stabilized effects of a focal individual’s
metaphenotype on the metaphenotype is

SX SX SX
ST syT  seT
sm| _ | sy sy sy
smTly—y — | sXT syT seT

S€ S€ S€

sxT  syT seT .

y=y
SX SX SX
sxT  syT seT
= 0 I 0 (75)
S€ S€ s€
T T T -
SX sy S€ y=y

N,
€ IRNa(Ns+Ne+Ne) x Na (Ns+Ne+Ne)

measuring stabilized developmental feedback across the
metaphenotype.
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Layer 6: genetic covariation

We now move to the next layer of the evo-devo process, that of
genetic covariation. To present this layer, we first define breeding
value under our adaptive dynamics assumptions, which allows
us to define additive genetic covariance matrices under our as-
sumptions. Then, we define (socio-devo) stabilized breeding
value, which generalizes the notion of breeding value to con-
sider the effects of social development. Using stabilized breeding
value, we define additive socio-genetic cross-covariance matri-
ces, which generalize the notion of additive genetic covariance
to consider the effects of social development.

We follow the standard definition of breeding value to define
it under our assumptions. The breeding value of a trait is de-
fined under under quantitative genetics assumptions as the best
linear prediction of the trait from gene content (Lynch and Walsh
1998; Walsh and Lynch 2018). Specifically, under quantitative
genetics assumptions, a trait value x is written as x = Y_; a;y; + ¢,
where y; is the i-th predictor (gene content in i-th locus), «; is
the least-square regression coefficient for the i-th predictor, and
e is the error; the breeding value of x is a = }; a;;. Accordingly,
we define the breeding value a; of a vector { as its first-order
prediction with respect to controls y around the resident controls

y:

i ew=t a

dyT e+ Gyt

iy (76)

a; = {ly=y + _(Y*}_’)~
y=y

With this definition, the entries of d{/ dyT\ y correspond to
Fisher’s additive effects of gene content on tralt value (his «;
see Eq. I of Fisher 1918 and p. 72 of Lynch and Walsh 1998).
Moreover, such matrix dZ/dyT |y:y corresponds to Wagner’s
(1984, 1989) developmental matrix, particularly when ¢ = x (his
B; see Eq. 1 of Wagner 1989).

Our definition of breeding value recovers Fisher’s (1918) in-
finitesimal model under certain conditions, although we do not
need to assume the infinitesimal model. According to Fisher’s
(1918) infinitesimal model, the normalized breeding value excess
is normally distributed as the number of loci approaches infinity.
Indeed, for the i-th entry of a; we have the breeding value excess

Sy

Let us denote the mutational variance for the k-th control at age
aby

(]/ka — Vka)-

ykn

07, = E[(Yka — Tka)?],

and let us denote the total mutational variance by

L

If the Lyapunov’s condition is satisfied, from the Lyapunov
central limit theorem we have that, as either the number of
controls N or the number of ages N, tends to infinity (e.g., by
reducing the age bin size), the normalized breeding value excess

I MZ

(ag, — Ci)

SNcNa,

is normally distributed with mean zero and variance 1. Thus,
this limit yields the so-called Fisher’s (1918) infinitesimal model,

although note we do not need to assume such limit. Conse-
quently, our framework recovers the infinitesimal model as a
particular case, when either N or N, approaches infinity.

From our definition of breeding value, we have that the breed-
ing value of controls is simply the controls themselves. From
Eq. (76), the expected breeding value of vector { is

a; = E[ag] = g_
In turn, the breeding value of controls y is
_, d N o -
ay =y d;; 7(y—y):y+y—y:y,

since dy/dyT|y—y = I because, by assumption, controls do not
have developmental constraints and are open-loop (Layer 4;
Eq. 48).

We now define additive genetic covariance matrices under
our assumptions. The additive genetic variance of a trait is
defined under quantitative genetics assumptions as the variance
of its breeding value, which is extended to the multivariate case
so the additive genetic covariance matrix of a set of traits is
the covariance matrix of the traits” breeding values (Lynch and
Walsh 1998; Walsh and Lynch 2018). Accordingly, we define the
additive genetic covariance matrix of a vector { € R"™*! as the
covariance matrix of its breeding value:

G = covlag, ag]

= E[(a; —ag)(a; —ag)T] = E[(a; — ) (a; — 0)7]
-

(1) (], )]
_ dg _ g 427
=E {dyT - y-9y-¥%) dy y:y}

dg _ g a7t
= a7, ;E{(y—y)(y—y)T] Ay |,y

4 4 mxm

N (dyT Y dy) SR 7

where the fourth line follows from the property of the transpose
of a product (i.e., (AB)T = BTAT) and the last line follows since
the additive genetic covariance matrix of controls y is

Gy = covlay, ay] = cov]y,y] € RNNexNale,

Eq. (77) corresponds to previous expressions of the additive
genetic covariance matrix (see Eq. II of Fisher 1918, Eq. + of
Wagner 1984, Eq. 3.5b of Barton and Turelli 1987, and Eq. 4.23b
of Lynch and Walsh 1998; see also Eq. 22a of Lande 1980, Eq. 3
of Wagner 1989, and Eq. 9 of Charlesworth 1990).

In some cases, Eq. (77) allows one to immediately determine
whether an additive genetic covariance matrix is singular. In-
deed, since a matrix with fewer rows than columns is necessarily
singular (Horn and Johnson 2013, p. 14), and since a well-defined
product of matrices where the rightmost matrix is singular yields
a singular matrix, from Eq. (77) it follows that G is necessarily
singular if y has fewer entries than { (i.e., if NaN. < m).

The additive genetic covariance matrix of states takes the
following form. Evaluating Eq. (77) at { = x, the additive genetic
covariance matrix of states x € RNaNsx1 ig

dx dxT
Gr= (dyT Svay )
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which is singular because the developmental matrix dxT/dy|y=y
is singular since initial states are not affected by any control and
final controls do not affect any state (Appendix 5, Eq. A54). How-
ever, evolutionary dynamic equations for states alone having
an associated Gyx-matrix are dynamically insufficient in general.
This is because the evolutionary dynamics of states generally
depends on the evolutionary dynamics of controls, in particular,
because the developmental matrix depends on resident controls
in general (Eq. 45; e.g., due to non-linearities in the develop-
mental map involving products between controls, or between
controls and states, or between controls and environmental vari-
ables, that is, gene-gene interaction, gene-phenotype interaction,
and gene-environment interaction, respectively). To guarantee
dynamic sufficiency, one needs to consider the evolutionary
dynamics of both states and controls, that is, of the phenotype,
which depends on an associated G,-matrix rather than Gy alone.

The additive genetic covariance matrix of the phenotype
takes the following form. Evaluating Eq. (77) at { = z,
the additive genetic covariance matrix of the phenotype z €
RNa(Ns+Ne)x1 jo

G- (326,%)
dyt ° dy
This matrix is necessarily singular because the phenotype z
includes controls y so dzT /dy has fewer rows than columns if
N; > 0 (i.e., NaNc < Na(Ns + Nc); Eq. 54). This entails that G,
has at least N; N eigenvalues that are exactly zero. That is, G,
is singular if there is at least one trait that is developmentally
constructed according to the developmental map (Eq. 8).
Another way to see the singularity of G; is the following.

From Eq. (79), we can write the additive genetic covariance of
the phenotype as

c RNa (NS+NC)XN‘1(NS+NC). (79)

y=y

G = (G Guy).

where the additive genetic cross-covariance matrix of z and x is
dz dxT
6= (4% )|
and the additive genetic cross-covariance matrix of z and y is
dz _ dyT
6= (575 ay)

Thus, using Eq. (48), we have that

€ RNa(Ne+No)x NNy
y=y

e RNa(Ns+Ne)xNoNe.
y=y

dxT

sz = Gzydiy o (80)

y=y

That is, some columns of G; (i.e., those in Gzx) are linear combi-
nations of other columns of G (i.e., those in Gzy). Hence, G is
singular.

The additive genetic covariance matrix of the phenotype is
singular because the phenotype includes controls (“gene con-
tent”). This is because the breeding value of states is a linear
combination of the breeding value of controls, by definition of
breeding value, regardless of whether states are linear functions
of controls and regardless of the number of states or controls.
In quantitative genetics terms, this can be understood as the
G-matrix being a function of allele frequencies, say ¥, so dy-
namic sufficiency requires that allele frequencies are part of the
dynamic variables considered; consequently, if the phenotypic
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vector z includes allele frequencies ¥, then G is necessarily sin-
gular since by definition, breeding value under quantitative ge-
netics assumptions is a linear combination of gene content. The
singularity of G, implies that if there is only one state and one
control, with a single age each, then there is a perfect correlation
between their breeding values (i.e., their correlation coefficient
is 1). This also holds under quantitative genetics assumptions,
where the breeding value a of a trait x is a linear combination
of predictors y;, so the additive genetic covariance matrix of
z = (x;y) is singular; in particular, if there is only one predictor
y, the breeding value a and predictor y are perfectly correlated
(i-e., covia,y]/+/var|a|varly] = cov]ay,y|//var|ay|varly] =
(a/a)covly,y]/+/var[y]var[y] = 1). The perfect correlation be-
tween breeding value and a single predictor arises because, by
definition, breeding value excludes prediction error e. Note
this does not mean that states and controls are linearly related:
it is breeding values and controls that are linearly related by
definition of breeding value (Eq. 76). A standard approach to
remove the singularity of an additive genetic covariance matrix
is to remove some traits from the analysis (Lande 1979). To
remove the singularity of G, we would need to remove either
all states or all controls from the analysis. However, removing
states from the analysis prevents study of the evolution of devel-
oped traits whereas removing controls from the analysis renders
the analysis dynamically insufficient in general because some
dynamic variables are not followed. Thus, to guarantee that a
dynamically sufficient study of the evolution of developed traits
is carried out, we must keep the singularity of G,.

Consider now the following slight generalization of the ad-
ditive genetic covariance matrix. We define the additive ge-
netic cross-covariance matrix of a vector € R”*! and a vector
& € RP*1 as the cross-covariance matrix of their breeding value:

d dgT
Gz = covlag, az] = (d—ygTGyd—i’> € R™*P,

y=y

(81)

Thus, G = G¢. Again, from Eq. (81) it follows that Gee is
necessarily singular if there are fewer entries in y thanin ¢ (i.e.,
if NaNe < p).

We now use stabilized-effect matrices (Layer 5) to extend
the notion of breeding value (Eq. 76). We define the stabilized
breeding value of a vector { as:

s¢

b; = lly=y + —=
¢ = Cly=y S

(y-y)=0+ Ss—i (y—y)- 82
Y ly=y

Recall that the stabilized-effect matrix s{/syT|y=y equals the

total-effect matrix df/dyT|y—y if development is non-social.

Thus, if development is non-social, the stabilized breeding value

b; equals the breeding value az. Also, note that E[bg] = .

We extend the notion of additive genetic covariance matrix
to include the effects of socio-devo stabilization as follows. We
define the additive socio-genetic cross-covariance matrix of { € R™*1
as

c Hgfn X n7.
y=y

g dgT) 83)

syT Y dy

H; = cov[bg, a] = <

Thus, if development is non-social, H; equals G¢.
Similarly, we generalize this notion and define the additive
socio-genetic cross-covariance matrix of { € R™*! and & € RP*! as

L o dgT)

-2 o Hzfn X p.
syT ¥ dy <

y=y

(84)

Hyz = cov[bg, az] = (
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Again, if development is non-social, Hgz equals Ggg.

Therefore, an additive socio-genetic cross-covariance matrix
Hgz is singular if ¢ has more entries than y. Consequently, the
matrix

dzT

ng = (icyi) ‘ c RmXNa(Ns+Nc) (85)
syt 7 dy Jly—y

is singular if there is at least one state (i.e., if N5 > 0). Moreover,

Hg, has at least N, N; eigenvalues that are exactly zero. Now,

the matrix

s¢ . dmT
Hon = (70 )
is singular if there is at least one state or one environmental
variable (i.e., if Ng > 0 or N > 0). Thus, Him has at least

Na(Ns + Ne) eigenvalues that are exactly zero. In contrast, the
additive socio-genetic cross-covariance matrix of { € {y,z, m}

and y
s¢
Hy = (S}TGY)

€ R™* (14+Na) (Ns+Ne+Ne) (86)

y=y

(87)

c R" X Na Nc
y=y

is non-singular if Gy is non-singular (Appendices 10 and 12).
The matrices of additive socio-genetic covariance share various
properties with similar generalizations of the G-matrix arising
in the indirect genetic effects literature (Kirkpatrick and Lande
1989; Moore et al. 1997; Townley and Ezard 2013).

Layer 7: evolutionary dynamics

Finally, we move to the top layer of the evo-devo process, that of
evolutionary dynamics. This layer contains equations describing
the evolutionary dynamics under explicit developmental and
environmental constraints. In Appendices 1 and 9-12, we show
that the evolutionary dynamics of states, controls, phenotype,
environment, and metaphenotype (i.e., for { € {x,y,z,€, m})
are given by

ar om Tsetor )| (88a)

iZ _ (Hgmaw N sl ae)‘ ’
y=y

which must satisfy both the developmental constraint

Xa+1=g4(2a,2,&,) foralla € {1,..., N, — 1} with fixed xq,
(88b)
and the environmental constraint

€, =h,(z,,2z,7) foralla e {1,...,N,}. (88¢)

If { = zin Eq. (88a), then the equations in layers 2-6 guarantee
that the developmental constraint is satisfied for all T > 7y given
that it is satisfied at the initial evolutionary time 7;. If { = m in
Eq. (88a), then the equations in layers 2-6 guarantee that both the
developmental and environmental constraints are satisfied for
all T > 7 given that they are satisfied at the initial evolutionary
time 77. Both the developmental and environmental constraints
can evolve as the phenotype and environment evolve and such
constraints can involve any family of curves (as long as they are
differentiable).

Eq. (88a) describes the evolutionary dynamics as consisting
of selection response and exogenous plastic response. Eq. (88a)

contains the term 5
w
H;,— , (89)
(: Q)III )/::j}

which comprises directional selection on the metapheno-
type (dw/dm|y—y) and socio-genetic covariation of { and the
metaphenotype (Hgp,). Thus, the term in Eq. (89) is the selection
response of { and is a generalization of Lande’s (1979) generaliza-
tion of the univariate breeder’s equation (Lush 1937; Walsh and
Lynch 2018). Additionally, Eq. (88a) contains the term

s 0e
s€ToT /|y !

which comprises the vector of environmental change due to ex-
ogenous causes (0€/97) and the matrix of stabilized plasticity
(sC/s€T|y=y). Thus, the term in Eq. (90) is the exogenous plas-
tic response of { and is a generalization of previous equations
(cf. Eq. A3 of Chevin et al. 2010). Note that the endogenous plastic
response of { (i.e., the plastic response due to endogenous en-
vironmental change arising from niche construction) is part of
both the selection response and the exogenous plastic response
(Layers 2-6).

Selection response is relatively incompletely described by
directional selection on the metaphenotype. We saw that the
matrix Hypy, is always singular if there is at least one state or
one environmental variable (Layer 6, Eq. 86). Consequently,
evolutionary equilibria of { can invariably occur with persis-
tent directional selection on the metaphenotype, regardless of
whether there is exogenous plastic response.

Selection response is also relatively incompletely described by
semi-total selection on the phenotype. We can rewrite the selec-
tion response, so the evolutionary dynamics of { € {x,y,z €, m}
(Eq. 88a) is equivalently given by

dg dw  sf de
‘*(H *Q&)

dr — \ oz

This equation now depends on semi-total selection on the phe-
notype (6w /dz|y=y), which measures directional selection on
the phenotype considering environmental constraints (Lande’s
selection gradient does not consider any constraints on the traits;
Appendix 16). We saw that the semi-total selection gradient of
the phenotype can be interpreted as pointing in the direction of
steepest ascent on the fitness landscape in phenotype space after
the landscape is modified by the interaction of niche construc-
tion and environmental sensitivity of selection (Layer 3, Eq. 40).
We also saw that the matrix Hg, is always singular if there is
at least one state (Layer 6, Eq. 85). Consequently, evolutionary
equilibria can invariably occur with persistent directional selec-
tion on the phenotype after niche construction has modified the
phenotype’s fitness landscape, regardless of whether there is
exogenous plastic response.

In contrast, selection response is relatively completely de-
scribed by total genetic selection. We can further rewrite selec-
tion response, so the evolutionary dynamics of { € {x,y,z €, m}
(Eq. 88a) is equivalently given by

y=y
This equation now depends on total genetic selection
(dw/dy|y=g), which measures directional selection on controls
considering developmental and environmental constraints. We
saw that the total selection gradient of controls can be inter-
preted as pointing in the direction of steepest ascent on the
fitness landscape in control space after the landscape is modified
by the interaction of total developmental bias from controls and

(90)

©1)

y=y

(92)
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directional selection on developed traits and by the interaction
of total niche construction by controls and environmental sen-
sitivity of selection (Layer 4, Eq. 64). In contrast to the other
arrangements of selection response, in Appendices 10 and 12
we show that Hgy is non-singular for all { € {y,z, m} if Gy is
non-singular (i.e., if there is mutational variation in all directions
of control space). Consequently, evolutionary equilibria of con-
trols, phenotype, or metaphenotype can only occur when total
genetic selection vanishes if there is mutational variation in all
directions of control space and if exogenous plastic response is
absent.

Importantly, although Eq. (88a) and its equivalents describe
the evolutionary dynamics of {, such equations are guaranteed
to be dynamically sufficient only for certain {. Eq. (88a) and its
equivalents are dynamically sufficient if { is the controls, the
phenotype, or the metaphenotype, provided that the develop-
mental and environmental constrains are satisfied throughout
and the five elementary components of the evo-devo process are
known (Layer 1, Fig. 5). In contrast, Eq. (88a) and its equivalents
are generally dynamically insufficient if  is the states or the en-
vironment, because the evolution of controls is not followed but
it generally affects the system.

In particular, the evolutionary dynamics of states are gen-
erally dynamically insufficient if considered on their own.
Let us temporarily assume that the following four condi-
tions hold: (1) development is non-social (dxT/dz|y—y =
0), and there is (2) no exogenous plastic response of states
([(dx/deT)(0&/9T)] ly=y = 0), (3) no semi-total selection on
controls (0w/dy|y=y = 0), and (4) no niche-constructed effects
of states on fitness ([(0eT/0x)(dw/de)] ly=y = 0). Then, the
evolutionary dynamics of states reduces to

ax_ Gx 9w . (93)

drt ox y=F
This recovers Lande’s (1979) equation for states, where the ad-
ditive genetic covariance matrix of states (Layer 6, Eq. 78) is
singular because initial states are not affected by any control and
final controls do not affect any state (so dxT/dy|y=y has rows
and columns that are zero; Appendix 5, Eq. A54). Yet, the evolu-
tionary dynamics of states is not necessarily fully determined
by the evolutionary dynamics of states alone because such sys-
tem depends on resident controls whose evolution must also be
followed. In particular, setting dx/dt = 0 does not generally
imply an evolutionary equilibrium, or evolutionary stasis, but
only an evolutionary isocline in states, that is, a transient lack of
evolutionary change in states. To guarantee a complete descrip-
tion of the evolutionary dynamics of states, we must consider
the evolutionary dynamics of states and controls, that is, the
phenotype.

Indeed, the evolutionary dynamics of the phenotype is dy-
namically sufficient more generally. Let us instead assume
that the following three conditions hold: (i) development is
non-social (dxT/dz|y—y = 0), and there is (ii) no exogenous
plastic response of states ([(dx/deT)(d€/9dT)]|y=y = 0), and
(iii) no niche-constructed effects of the phenotype on fitness
([(deT/0z)(0w/0€)] |[y=g = 0). Then, the evolutionary dynam-
ics of the phenotype reduces to

dz =Gy ow . (94)
drt Jz y=y
This recovers Lande’s (1979) equation, this time for the phe-
notype, where the additive genetic covariance matrix of the
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phenotype (Layer 6, Eq. 79) is singular because the phenotype
z includes controls y (so dzT/dy has fewer rows than columns;
Layer 4, Eq. 54). That is, G is singular if there is at least one
trait that is developmentally constructed according to the de-
velopmental map (Eq. 88b). The evolutionary dynamics of the
phenotype is now fully determined by Eq. (94) provided that i-iii
hold and that the developmental (Eq. 88b) and environmental
(Eq. 88¢) constraints are met. In such case, setting dz/dt = 0
does imply an evolutionary equilibrium, but this does not im-
ply absence of directional selection on the phenotype (i.e., it is
possible that dw/9z|y=y # 0) since G, is always singular. Due
to this singularity, if there is any evolutionary equilibrium, there
is an infinite number of them. Kirkpatrick and Lofsvold (1992)
showed that if G, is singular and constant, then the evolutionary
equilibrium that is achieved depends on the initial conditions.
Our results extend the relevance of Kirkpatrick and Lofsvold’s
(1992) insight by showing that G is always singular and re-
mains so as it evolves. Moreover, since both the developmental
(Eq. 88b) and environmental (Eq. 88c) constraints must be sat-
isfied throughout the evolutionary process, the developmental
and environmental constraints determine the admissible evolu-
tionary trajectory and the admissible evolutionary equilibria if
mutational variation exists in all directions of control space.

Since selection response is relatively completely described
by total genetic selection, further insight can be gained by rear-
ranging Lande’s equation for the phenotype (Eq. 94) in terms of
total genetic selection. Using the rearrangement in Eq. (92) and
making the assumptions i-iii in the previous paragraph, Lande’s
equation (Eq. 94) becomes

dz dw

¢ _n,, (95)
dr Vidy lyy

Here, if the mutational covariance matrix Gy is non-singular,
then the matrix Hzy is non-singular so evolutionary equilib-
rium (dz/dt = 0) implies absence of total genetic selection (i.e.,
dw/dy|y=y = 0). Hence, lack of total genetic selection provides
a first-order condition for evolutionary equilibria in the absence
of exogenous environmental change and of absolute mutational
constraints. Consequently, evolutionary equilibria depend on
development and niche construction since total genetic selec-
tion depends on Wagner’s (1984, 1989) developmental matrix
and on total niche construction by controls (Layer 4; Eq. 64).
Since dw/dy|y—y = 0 has only as many equations as there are
controls and since there are not only controls but also states
and environmental variables to determine, then dw/dy|y—y = 0
provides fewer equations than variables to solve for. Hence, ab-
sence of total genetic selection still implies an infinite number of
evolutionary equilibria. Again, only the subset of evolutionary
equilibria that satisfy the developmental (Eq. 88b) and environ-
mental (Eq. 88c) constraints are admissible, and the number
of admissible evolutionary equilibria may be finite. Therefore,
admissible evolutionary equilibria have a dual dependence on
developmental and environmental constraints: first, by the con-
straints” influence on total genetic selection and so on evolution-
ary equilibria; and second, by the constraints” specification of
which equilibria are admissible.

Because we assume that mutants arise when residents are at
carrying capacity, the analogous statements can be made for the
evolutionary dynamics of a resident vector in terms of lifetime
reproductive success (Eq. 28). Using the relationship between
selection gradients in terms of fitness and of expected lifetime
reproductive success (Egs. 29), the evolutionary dynamics of
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T € {x,y,z,€,m} (Eq. 88a) are equivalently given by

dz o 1 aRO SC oe

ar - (fHémﬁ setat )| . (962)
_ 1 5R0 Sg oe
- (TH“TZ + S?TE) - (96b)
o 1 dRQ Sg oe
= (THgy dy + seT Br) v (96¢)

To close, the evolutionary dynamics of the environment can
be written in a particular form that is insightful. In Appendix
11, we show that the evolutionary dynamics of the environment
is given by

de (8(e+é) dz aj) o)

i =

921 dr ot

y=y

Thus, the evolutionary change of the environment comprises
“inclusive” endogenous environmental change and exogenous
environmental change.

Discussion

We have addressed the question of how development affects evo-
lution by formulating a mathematical framework that integrates
explicit developmental dynamics into evolutionary dynamics.
Previous understanding suggested that development affects evo-
lution by inducing genetic covariation and genetic constraints,
although the nature of such constraints had remained uncertain.
We have found that development has major evolutionary effects.
First, the G-matrix is singular in phenotype space if controls
are included in the analysis to achieve dynamic sufficiency, so
genetic covariation is necessarily absent in some directions of
phenotype space; that is, there necessarily are absolute genetic
constraints. Second, since G is singular in phenotype space,
directional selection is insufficient to identify evolutionary equi-
libria. In contrast, total genetic selection, which depends on
development, is sufficient to identify evolutionary equilibria if
there are no absolute mutational constraints and no exogenous
plastic response. Third, since G is singular in phenotype space, if
there is any evolutionary equilibrium and no exogenous plastic
response, then there is an infinite number of evolutionary equi-
libria, and development determines the admissible evolutionary
trajectory and so the admissible equilibria. We have derived
a collection of equations that describe the evo-devo dynamics
with explicit population and environmental dynamics. These
equations provide a theory of constrained evolutionary dynam-
ics, where the developmental and environmental constraints
determine the admissible evolutionary path (Eq. 88).

We find that the G-matrix is necessarily singular in pheno-
type space if at least one trait is developmentally constructed
according to the developmental map (Eq. 88b). This singular-
ity arises because the evolution of both genetic and developed
traits is followed for the evolutionary system to be dynamically
sufficient in general. In quantitative genetics, the evolution of a
multivariate phenotype is traditionally followed without simul-
taneously following allele frequency change (e.g., Lande 1979;
Wagner 1984; Barton and Turelli 1987; Wagner 1989; Martin 2014;
Morrissey 2014, 2015; Engen and Seether 2021). We show that the
G-matrix generally depends on resident controls (which play an
analogous role to that of allele frequencies under quantitative ge-
netics assumptions). Thus, following the evolution of developed
traits without simultaneously tracking the evolution of controls

is generally dynamically insufficient. The G-matrix generally
depends on resident controls via both the mutational covariance
matrix and the developmental matrix. The developmental ma-
trix depends on resident controls particularly due to gene-gene
interaction, gene-phenotype interaction, and gene-environment
interaction (see text below Eq. 78). The analogous dependence
of G on allele frequency should hold under quantitative genetics
assumptions for the same reasons, thus requiring consideration
of allele frequency as part of the dynamic variables. If under a
quantitative genetics framework, allele frequency were consid-
ered as part of the multivariate phenotype in order to render the
system dynamically sufficient in general, then the associated G-
matrix would be necessarily singular, with at least as many zero
eigenvalues as there are traits that are not allele frequency. This
is because, by definition, breeding values are linear combina-
tions of gene content; thus, some columns in G (the covariances
between the breeding values of all traits and the breeding values
of traits that are not gene content, G,x) are linear combinations
of other columns (the covariances between the breeding values
of all traits and the breeding values of gene content, Gzy), which
means that G is singular (Eq. 80). Including controls as part of
the phenotype might seem to trivially enforce singularity of G,
but such inclusion is needed to guarantee dynamic sufficiency.
Consequently, lack of selection response in phenotype space gen-
erally occurs with persistent directional selection in phenotype
space. The singularity of G in phenotype space persists despite
evolution of the developmental map, regardless of the num-
ber of controls or states provided there is any state, and in the
presence of endogenous or exogenous environmental change.
The singularity remains if states directly depend on controls
(Eq. 88b) so that there is genetic input fed directly into states,
although the singularity may disappear if every state at every
age is exclusively directly genetically encoded: that is, if there
are no developed traits but only genetic traits (or in a standard
quantitative genetics framework, if only allele frequency change
is followed).

Extensive research efforts have been devoted to determin-
ing the relevance of constraints in adaptive evolution (Arnold
1992; Hine and Blows 2006; Hansen and Houle 2008; Jones et al.
2014; Hine et al. 2014; Engen and Seether 2021). Empirical re-
search has found that the smallest eigenvalue of G is often close
to zero (Kirkpatrick and Lofsvold 1992; Hine and Blows 2006;
McGuigan and Blows 2007). However, Mezey and Houle (2005)
found a non-singular G-matrix for 20 traits in fruit flies; our re-
sults suggest G singularity would still arise in this case if enough
traits are included so as to guarantee dynamic sufficiency (i.e.,
if allele frequency change were tracked). Previous theory has
offered limited predictions as to when the G-matrix would be
singular. These include that more traits render G more likely to
be singular as traits are more likely to be genetically correlated,
such as in infinite-dimensional traits (Gomulkiewicz and Kirk-
patrick 1992; Kirkpatrick and Lofsvold 1992). But as noted by
Kirkpatrick and Lofsvold (1992, p. 959), “The small number of
evolutionary degrees of freedom found in the mouse population
is a strictly empirical finding not predicted by [previous] theory.”
Our results are in line with those of Kirkpatrick and Lofsvold
(1992, p. 962 onwards) who showed that, assuming that G is
singular and constant, then the evolutionary trajectory and equi-
libria depend on the initial conditions. Our results substantiate
Kirkpatrick and Lofsvold’s (1992) assumption of singular G by
our point that G is always singular in phenotype space, even
with few traits and evolving G. Our results extend Kirkpatrick
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and Lofsvold’s (1992) insight that the evolutionary trajectory
and equilibria depend on the initial conditions by our observa-
tion that the evolutionary trajectory and equilibria depend on
development. In Appendix 17, we show that such evolutionary
trajectory corresponds to a “genetic line of least resistance” (a
line parallel to a leading eigenvector of G) (Schluter 1996) if there
is a single control and a single age (this may hold for an arbitrary
number of controls and ages but we do not prove it). In this case
of a single control and single age, developmental constraints can
then be interpreted as determining genetic lines of least resis-
tance, the number of which is infinite, and as determining the
admissible one along which evolution proceeds.

Multiple mathematical models have addressed the question
of the singularity of G. Recently, simulation work studying the
effect of pleiotropy on the structure of the G-matrix found that
the smallest eigenvalue of G is very small but positive (Engen
and Seether 2021, Tables 3 and 5). Our findings indicate that
this model and others (e.g., Wagner 1984; Barton and Turelli
1987; Wagner 1989; Martin 2014; Morrissey 2014, 2015) would
recover G-singularity by considering allele frequency as part
of the phenotype. Other recent simulation work found that a
singular G-matrix arising from few segregating alleles still al-
lows the population to reach fitness optima as all directions of
phenotype space are eventually available in the long run (Bar-
ton 2017, Fig. 3). Our results indicate that such a model would
recover that unconstrained fitness optima in phenotype space
are not necessarily achieved by incorporating developmental
constraints, which induce convergence to constrained fitness op-
tima. Convergence to constrained fitness optima rather than to
unconstrained fitness optima still occurs with the fewest number
of traits allowed in our framework: two, that is, one control and
one state with one age each (or in a standard quantitative genet-
ics framework, allele frequency at a locus and one quantitative
trait that is a function of such allele frequency). Such constrained
adaptation has substantial implications (see e.g., Kirkpatrick and
Lofsvold 1992; Gomulkiewicz and Kirkpatrick 1992) and is con-
sistent with empirical observations of lack of selection response
in the wild despite selection and genetic variation (Merila ef al.
2001; Hansen and Houle 2004; Pujol et al. 2018), and of relative
lack of stabilizing selection (Kingsolver et al. 2001; Kingsolver
and Diamond 2011).

Our results provide a mechanistic theory of breeding value,
thus allowing for insight regarding the structure and evolution
of the G-matrix. We have obtained G-matrices in terms of total-
effect matrices, in accordance with previous results (Fisher 1918;
Wagner 1984; Barton and Turelli 1987; Lynch and Walsh 1998;
Martin 2014; Morrissey 2014). Total-effect matrices correspond
to Wagner’s (1984, 1989) developmental matrix (denoted by him
as B). Wagner (1984, 1989) constructed and analysed evolu-
tionary models considering developmental maps, and wrote
the G-matrix in terms of his developmental matrix to assess its
impact on the maintenance of genetic variation. Yet, as is tradi-
tionally done, Wagner (1984, 1988, 1989) did not simultaneously
track the evolution of what we call controls and states, so he did
not conclude that the associated G-matrix is necessarily singular
or that the developmental matrix affects evolutionary equilibria.
Wagner’s (1984, 1989) models have been used to devise mod-
els of constrained adaptation in a fitness landscape, borrowing
ideas from computer science (Altenberg 1995, his Fig. 2). This
and other models (Houle 1991, his Fig. 2 and Kirkpatrick and
Lofsvold 1992, their Fig. 5) have suggested how constrained evo-
lutionary dynamics could proceed although they have lacked
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a mechanistic theory of breeding value and thus of G and its
evolutionary dynamics. Other models borrowing ideas from
computer science have found that epistasis can cause the evo-
lutionary dynamics to take an exponentially long time to reach
fitness peaks (Kaznatcheev 2019). We obtain equations allow-
ing one to mechanistically construct breeding value and the
G-matrix from low-level mechanistic components, providing a
mechanistic theory of breeding value and opening the door to
further insight regarding the structure and evolution of G. Our
point that the G-matrix in phenotype space has at least N;Ns
eigenvalues that are exactly zero entails that even if there were
infinite time, the population does not necessarily reach a fitness
peak in phenotype space, although it may in control space.

We find that total genetic selection can provide more infor-
mation than directional selection regarding selection response.
As the G-matrix is singular in phenotype space, directional se-
lection on the phenotype is insufficient to identify evolutionary
equilibria as has been previously realized (Lande 1979; Via and
Lande 1985; Kirkpatrick and Lofsvold 1992; Gomulkiewicz and
Kirkpatrick 1992). Evolutionary analysis with singular G, includ-
ing identification of evolutionary equilibria, has been hampered
by the lack of mechanistic theory for breeding value and thus
of G (Via and Lande 1985; Kirkpatrick and Lofsvold 1992; Go-
mulkiewicz and Kirkpatrick 1992). Our results show that evolu-
tionary analysis despite singular G is facilitated by considering
total genetic selection, revealing that evolutionary equilibria de-
pend on development rather than exclusively on (unconstrained)
selection. Additionally, development determines the admissible
evolutionary trajectory along which developmental and envi-
ronmental constraints are satisfied. These findings indicate that
development has a major evolutionary role.

Total genetic selection is measured by a total selection gradi-
ent, and total selection gradients closely correspond to Morris-
sey’s (2014, 2015) notion of extended selection gradient. Total
selection gradients measure directional selection taking into ac-
count developmental and environmental constraints, as opposed
to Lande’s (1979) selection gradients which measure directional
selection without considering constraints. We obtained compact
expressions for total selection gradients as linear transformations
of Lande’s selection gradients, arising from the chain rule in ma-
trix notation (Eq. 62). Morrissey (2014) defined the extended
selection gradient as # = ®p, where § is Lande’s selection gradi-
ent and ® is the matrix of total effects of all traits on themselves.
Morrissey (2014) provided an equation for @ (his Eq. 2), which
has the form of our matrix describing developmental feedback
among states (dxT /dx|y—y; Eq. 44). Thus, interpreting ® as our
dxT/dx|y—y and B as our dw/dx|y—y, then Eq. (63) shows that
7 = @ corresponds to the total selection gradient of states
dw/dx|y=y if there is no niche construction by states (i.e., if
0€T/0x|y=y = 0). The equation for ® provided by Morrissey
(2014) (his Eq. 2) does not correspond to the expressions we
found for other total-effect matrices (e.g., for dxT/dy|y=y in
Eq. 45, dz7/dz|y—y in Eq. 55, or dmT/dm|y—y in Eq. 60). Yet, if
we interpret ® as our dzT/dz|y—y and B as our dw/dz|y=y, then
Eq. (66) shows that # = ®f corresponds to the total selection gra-
dient of the phenotype dw/dz|y—y if there is no niche construc-
tion by the phenotype (i.e., if deT/dz|y—y = 0). Alternatively, if
we interpret ® as our dmT/dm|y—y and B as our dw/dm|y—y,
then Eq. (67) shows that # = ® corresponds to the total selec-
tion gradient of the metaphenotype dw/dm|y—y regardless of
whether there is niche construction by states or the phenotype.
We show in Appendices 10 and 12 that selection response can
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be written in terms of the total selection gradients of the pheno-
type dw/dz|y—y and metaphenotype dw/dm|y—y, but such total
selection gradients are insufficient to predict evolutionary equi-
libria because they are premultiplied by a singular socio-genetic
cross-covariance matrix. In a subsequent paper, Morrissey (2015)
provided a symbolic definition for ® (his Eq. 6) which suggests
interpreting it as our dmT/dy|y—y (although he used partial
derivatives). Thus, interpreting ® as our dmT /dy|y—y and  as
our ow/omly—y, then Eq. (62) shows that 7 = ®f corresponds
to the total selection gradient of controls dw/dy|y—y, which we
have shown can predict evolutionary equilibria. Morrissey gave
a different treatment to linear (Morrissey 2014) and non-linear
(Morrissey 2015) (implicit) developmental maps, so in the latter
case he did not write evolutionary change as a Lande’s type
equation. We obtain equations describing evolutionary change
involving a Lande’s type term despite non-linear developmental
maps because we linearize invasion fitness by assuming weak
mutation (Eq. 13) (Dieckmann and Law 1996).

Our results allow for the modelling of evo-devo dynamics in
a wide array of settings. First, developmental and environmen-
tal constraints (Eqs. 88b and 88c) can mechanistically describe
development, gene-gene interaction, and gene-environment in-
teraction, while allowing for arbitrary non-linearities and evolu-
tion of the developmental map (or genotype-phenotype map).
Many previous approaches have modelled gene-gene interac-
tion, such as by considering multiplicative gene effects, but
general frameworks mechanistically linking gene-gene interac-
tion, gene-environment interaction, developmental dynamics,
and evolutionary dynamics have previously remained elusive
(Rice 1990; Hansen and Wagner 2001; Rice 2002; Hermisson et al.
2003; Carter et al. 2005). A historically dominant yet debated
view is that gene-gene interaction has minor evolutionary ef-
fects as phenotypic evolution depends on additive rather than
epistatic effects to a first-order of approximation, so epistasis
would act by influencing a seemingly effectively non-singular G
(Hansen 2013; Nelson ef al. 2013; Paixdo and Barton 2016; Barton
2017). Our results show that G is singular and that evolution-
ary equilibria depend on development and so on gene-gene
and gene-environment interaction. Hence, gene-gene and gene-
environment interaction may have strong and permanent evolu-
tionary effects (e.g., via developmental feedbacks described by
dxT/dx|y=y).

Second, our results allow for the study of the evolution of
the G-matrix as an emergent property of the evolution of the
phenotype and environment (i.e., the metaphenotype) rather
than treating G as another dynamic variable as is traditionally
done (Bulmer 1971; Lande 1979; Bulmer 1980; Lande 1980; Lande
and Arnold 1983; Barton and Turelli 1987; Turelli 1988; Gavrilets
and Hastings 1994; Carter et al. 2005). Third, our results allow
for the study of the effects of developmental bias, biased genetic
variation, and modularity (Wagner 1996; Pavlicev et al. 2011;
Wagner and Zhang 2011; Pavlicev and Wagner 2012; Watson et al.
2013). Indeed, while we have assumed that mutation is unbiased
for genetic traits, our equations allow for the developmental map
to lead to biases in genetic variation for developed traits. This
may lead to modular effects of mutations, whereby altering a
control tends to affect some states but not others.

Fourth, our equations allow for the study of the evolutionary
dynamics of life-history models with dynamic constraints. Life-
history models with dynamic constraints have previously been
restricted to evolutionary equilibria (e.g., Gonzalez-Forero et al.
2017; Gonzélez-Forero and Gardner 2018). Previous frameworks

of evolutionary dynamics of functioned-valued traits allow for
the modelling of evolutionary dynamics of traits that vary over
age or stage, but such frameworks do not generally consider
dynamic constraints (i.e., they consider the evolution of control
variables but allow for state variables on a case by case basis at
most) (Kirkpatrick and Heckman 1989; Dieckmann et al. 2006;
Coulson et al. 2010; Parvinen et al. 2013; Metz et al. 2016; Rees
and Ellner 2016). Fifth, our framework allows for the modelling
of the evo-devo dynamics of pattern formation by implementing
reaction-diffusion equations in discrete space in the developmen-
tal map (e.g., Eq. 6.1 of Turing 1952; Tomlin and Axelrod 2007).
Sixth, our framework also allows for the mechanistic modelling
of adaptive plasticity, for instance, by implementing reinforce-
ment learning or supervised learning in the developmental map
(Sutton and Barto 2018; Paenke ef al. 2007). To model evo-devo
dynamics, it may often be simpler to compute the evolution-
ary dynamics of controls and the developmental dynamics of
states, rather than the evolutionary dynamics of the phenotype
or metaphenotype. In such cases, after solving for the evo-devo
dynamics, one can then compute the matrices composing the
evolutionary dynamics of the phenotype and metaphenotype
to gain a detailed understanding of the evolutionary factors at
play, including the evolution of the G-matrix.

By allowing development to be social, our framework allows
for a mechanistic description of extra-genetic inheritance and in-
direct genetic effects. Extra-genetic inheritance can be described
since the states at a given age can be an identical or modified
copy of the states of social partners. Thus, social development
allows for the modelling of social learning (Sutton and Barto
2018; Paenke et al. 2007) and epigenetic inheritance (Jablonka
et al. 1992; Slatkin 2009; Day and Bonduriansky 2011). However,
we have only considered social interactions among non-relatives,
so our framework at present only allows for social learning or
epigenetic inheritance from non-relatives. Additionally, indi-
rect genetic effects, where genes partly or completely causing
a phenotype may be located in another individual (Moore ef al.
1997), can be mechanistically described by social development
since the controls or states of social partners influence the devel-
oped phenotype. Indirect genetic effect approaches model the
phenotype as a linear regression of individual’s phenotype on
social partner’s phenotype (Kirkpatrick and Lande 1989; Moore
et al. 1997; Townley and Ezard 2013), whereas our approach con-
structs individual’s phenotype from development depending
on social partners’ phenotypes. We have found that social de-
velopment generates social feedback (described by sx/sXT|y=y,
Eq. 68), which closely though not entirely corresponds to social
feedback found in the indirect genetic effects literature (Moore
et al. 1997, Eq. 19b and subsequent text). The social feedback we
obtain depends on total social developmental bias from states
(dx/dxT |y=y, Eq. 47); analogously, social feedback in the indirect
genetic effects literature depends on the matrix of interaction
coefficients (¥) which contains the regression coefficients of
phenotype on social partner’s phenotype. Social development
leads to a generalization of additive genetic covariance matrices
G = cov|a, a] into additive socio-genetic cross-covariance ma-
trices H = cov/[b, al; similarly, indirect genetic effects involve a
generalization of the G-matrix, involving C,; = cov]|a, z] which
is the cross-covariance matrix between multivariate breeding
value and phenotype (Kirkpatrick and Lande 1989; Moore et al.
1997; Townley and Ezard 2013). However, there are differences
between our results and those in the indirect genetic effects
literature: for instance, social feedback appears twice in the evo-
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lutionary dynamics under indirect genetic effects (see Eqgs. 20
and 21 of Moore et al. 1997) while it only appears once in our
evolutionary dynamics equations through sx/sxT|y—y (Eq. 84);
additionally, our H matrices make the evolutionary dynamics
equations depend on total social developmental bias from con-
trols (dx/dyT |y=y, Eq. 69a) in a non-feedback manner (specifi-
cally, not in an inverse matrix) but this type of dependence does
not occur in the evolutionary dynamics under indirect genetic
effects (Egs. 20 and 21 of Moore et al. 1997); moreover, “social
selection” (i.e., dw/0z) plays no role in our results in principle
because we assume there is no kin selection, but social selection
plays an important role in the indirect genetic effects literature
even if relatedness is zero (McGlothlin et al. 2010, e.g., setting
r = 0 in their Eq. 10 still leaves an effect of social selection on
selection response). This raises the question of whether some
of these differences disappear if controls are closed-loop (e.g., if
gene expression depends on social partners” phenotypes).

Our results clarify the role of several developmental factors
previously suggested to be evolutionarily important. We have
arranged the evo-devo process in a layered structure, where a
given layer is formed by components of layers below (Fig. 5).
This layered structure helps see that several developmental fac-
tors previously suggested to have important evolutionary ef-
fects (Laland et al. 2014) but with little clear connection (Welch
2017) can be viewed as basic elements of the evolutionary pro-
cess. Direct-effect matrices (Layer 2) are basic in that they form
all the components of the evolutionary dynamics (Layer 7) ex-
cept mutational variation and exogenous environmental change.
Direct-effect matrices quantify (i) directional selection, (ii) de-
velopmental bias, (iii) niche construction, (iv) social develop-
mental bias (e.g., extra-genetic inheritance and indirect genetic
effects; Moore et al. 1997), (v) social niche construction, (vi) envi-
ronmental sensitivity of selection (Chevin ef al. 2010), and (vii)
phenotypic plasticity. These factors variously affect selection
and development, thus affecting evolutionary equilibria and the
admissible evolutionary trajectory.

Our approach uses discrete rather than continuous age, which
substantially simplifies the mathematics. We recover Lande’s
(1979) equation—which slightly differs from Lande’s (1982) age-
structured equation—despite having age structure by discretiz-
ing age and making use of matrix calculus notation, which al-
lows for compact expressions that incorporate the effects of
age structure. This treatment allows for the derivation of ana-
lytic expressions for what is otherwise a difficult mathematical
challenge if age is continuous (Kirkpatrick and Heckman 1989;
Dieckmann et al. 2006; Avila et al. 2021). For instance, we obtain
formulas for the total selection gradient of states (Eq. 63), and
in Appendix 13 we show that such gradient is proportional to
costate variables (Eq. A96). Costate variables are key in dynamic
optimization as used in life-history models (Sydseeter et al. 2008),
but formulas for costate variables are often unavailable and it
can be difficult to interpret how costate variables relate to the
evolutionary process. We show that the total selection gradient
of states, and so costate variables, affect the evolutionary process
by affecting total genetic selection (fifth line of Eq. 64), thus influ-
encing evolutionary equilibria. Although discretization of age
may induce numerical imprecision if the continuous age depen-
dence were known (Kirkpatrick and Heckman 1989), precision
may be increased by reducing the age bin size (e.g., to represent
months or days rather than years; Caswell 2001), potentially at a
computational cost.

By simplifying the mathematics, our approach yields insight
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that has been otherwise challenging to gain. Life-history models
with dynamic constraints generally find that costate variables
are non-zero under optimal controls (Gadgil and Bossert 1970;
Taylor et al. 1974; Leén 1976; Schaffer 1983; Houston et al. 1988;
Houston and McNamara 1999; Sydsaeter ef al. 2008). This means
that there is persistent total selection on states at evolutionary
equilibrium. Our findings clarify that this is to be expected be-
cause of the arrow of developmental time, since controls at a
given age cannot adjust states at the same age but only at a later
age (i.e., the matrix of semi-total effects of controls on states
is singular; Eq. A48). Thus, total genetic selection may gener-
ally vanish with persistent total selection on states (fifth line of
Eq. 64). Moreover, life-history models with explicit developmen-
tal constraints have found that their predictions can be substan-
tially different from those found without explicit developmental
constraints. In particular, with developmental constraints, the
outcome of parent-offspring conflict over sex allocation has been
found to be that preferred by the mother (Avila ef al. 2019),
whereas without developmental constraints the outcome has
been found to be an intermediate between those preferred by
mother and offspring (Reuter and Keller 2001). Our results show
that the particular form of the developmental map may induce
substantial changes in predictions by influencing total genetic
selection and the admissible evolutionary equilibria.

We have obtained a term that we call exogenous plastic re-
sponse, which is the plastic response to exogenous environmen-
tal change over an evolutionary time step (Eq. 90). An analogous
term occurs in previous equations (Eq. A3 of Chevin et al. 2010).
Additionally, endogenous plastic response may occur due to niche
construction (i.e., endogenous environmental change) and it
affects both the selection response and the exogenous plastic
response. Exogenous plastic response does not involve change
in gene frequency, but it affects the evolutionary dynamics. An
immediate evolutionary effect of exogenous plastic response is
as follows. At an evolutionary equilibrium where exogenous
plastic response is absent, the introduction of exogenous plas-
tic response generally changes socio-genetic covariation or dir-
fectional selection at a subsequent evolutionary time, thereby
inducing selection response. This constitutes a simple form of
“plasticity-first” evolution (West-Eberhard 2003), whereby plas-
tic change precedes genetic change, although the plastic change
may not be adaptive and the induced genetic change may have
a different direction to that of the plastic change.

To conclude, we have formulated a framework that synthe-
sizes developmental and evolutionary dynamics yielding a the-
ory of constrained evolutionary dynamics under age structure.
This framework shows that development has major evolutionary
effects as it affects both evolutionary equilibria and the admissi-
ble evolutionary path. Our results provide a tool to chart major
territory on how development affects evolution.
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Appendix 1: canonical equation

Here we derive the equation describing the evolutionary dynam-
ics of controls. This derivation closely follows that of Dieckmann
and Law (1996) except in a few places, particularly in that we
consider deterministic population dynamics so the only source
of stochasticity in our framework is due to mutation. Denote
by ¥'(T + At) a multivariate random variable describing the
possible residents at time T + At following fixation of mutants
arising at time 7. Let this random variable have probability
density function P(y/, 7 + At) at time T + AT, with support in
RN:Ne_ Hence, the expected resident controls at time T + AT are

Ey (t+ A7) = / 7P, T+ At)dy = y(T + AT).

]Rf\'la Ne
The evolutionary change in resident controls thus satisfies

Ay _ E[y/(t+ A1) — E[y/ (1)
AT AT

= | [ yrerranay - [ R 0dy

NaNc RNaNc

Factorizing yields

Ay P, T+ A1) P, 7)
AT / y AT dy
JRNaNc
- APy, T)
B / Y At dy’.
RNaNc

Now, the evolutionary change in the resident-control distribu-
tion satisfies the master equation

APy, T _ _ _
BPOUD — [ oty = 9)P(y, 0) — wl¥’ = y)P(Y, )] dy,

RNaNe

where w(y — §') is the rate at which a resident y is replaced by
7. Then, the evolutionary change in controls is

M y’( [ ey =9)P@0)

RNaNe RNaNc

~ (5’ = )P, Ty )
Since the integral is a linear operator, we have

N
o= | [ Yo -5)Pyndydy

JRNaNc JRNaNc
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- / / y'w(y — y)P(y, 7)dydy’"

RNaNe RNaNe

Exchanging y for ¥’ in the first term since they are dummy
variables yields

Av
w= [ ] v - y)P@,dydy
]RNaNcIRI\"aNc

- [ [ o = yPe,0dydy.

IRNaNe RNaNe
Factorizing yields

%f N / / (y=¥)w(y' = y)P(y, 7)dydy"

JRNaNc [RNaNc

(A1)

Assuming that invasion implies fixation, we let the rate at
which resident §' is replaced by y be

=/ o My, ¥) o

Wy =y) =05 =) gy A Y) — 1
where 6(-) is the Dirac delta function. This expression for
w(§ — y) can be understood as comprising the probability
density 6(y' — y) that the resident ¥’ is y, times the conditional
probability density M(y,¥')/P(§',7) that a mutant is y given
that the resident is §’ at time 7, times the rate of substitution
Ay, §') — 1 for a mutant y in the context of resident §'. Substi-
tuting Eq. (A2) into Eq. (A1) using Eq. (13) yields

Ay _ Nslel < M(y/)_’/)
AT = / {(Y—Y)5(Y—Y)
JRNaNe RNaNe
;dt

dy y:y/

(A2)

{(y—}"’) +O(|y—}"/|2)} P()‘"J)}dyd}"’-

Cancelling P(y’, T) produces

w |

JRNaNc [RNaNc

{(y -7y —y)M(y,¥').

{(y -7 %

Using the integration property of the Dirac delta function [i.e.,
Jre E(y)é(y — §)dy = F(y) for any function F(y) with y € R"],

+O(|y—y/|2)} }dydy/-
y=y'

o {(y—y)M(m)
IRNaNc
A e —-2”(1.
{(y y) dy |, s (Ily —ylI%) y

Since the integral is a linear operator and because the evaluation
aty = y makes the gradient constant with respect to y, then

2= L / <y—y><y—y>TM<y,y>dy] &

NaNc

+ [ MEDO(y -9y -9y -9)dy.

RRNaNe

By definition of covariance matrix, we have

& covly,y] 2
AT T dy |y
0| [ My y-nr-9Ty-ydy]|.
A”aNc
The matrix covly,y]| is the mutational covariance matrix (of con-
trols). The big-O term on the right in the last equality is on the
order of a measure of skewness of the mutational distribution.
As we assume that the mutational distribution is symmetric,
skewness vanishes, which yields
Ay dA
— = covly,y] — . (A3)
AT Y.y dy |y—y
This recovers a form of the canonical equation of adaptive dy-
namics (cf. Eq. 6.1 of Dieckmann and Law 1996 and Eq. 23 of
Durinx ef al. 2008).
We can rewrite the right-hand side of the canonical equation

(A3) in a form that is reminiscent of the Price equation (Price
1970). Indeed, subtracting E[A] from Eq. (13) yields

;dA

i _5l2
ay|._ T OUly =3I,

y=y

A—EA]=1-EA+(y-y)

and premultiplying by (y — ) produces

(y—9)(A—E[A]) = (y—y)(1—E[A])
_ .- dA
T-96-9" &
Yly=y
+O0((y-9)y-9)"(y-y)-
Taking the expectation over the mutational distribution yields

E[(y — ¥)(A —E[A])] = E[(y — ) (y — ¥)7] % 7
y=y

+OE[y-9y-9)T(y—9)]), (A5

where the total selection gradient of controls is outside of the
expectation because the evaluation at y = y makes the gradi-
ent constant with respect to y. From the definition of cross-
covariance matrix, and since we assume that the mutational
distribution is symmetric, Eq. (A5) becomes

(A4)

covly, A] = covly,y] 2 (A6)

dy ly=y
The left-hand side of Eq. (A6) is reminiscent of the Price equa-
tion (Price 1970; Frank 2012), which states that the evolutionary
change of a univariate trait in the absence of transmission bias
equals the covariance of the trait and relative fitness. Yet, note
that there are differences between invasion fitness and relative
fitness; in particular, invasion fitness is not the relative number
of descendants at evolutionary time 7 + 1 of rare mutants at T
(for any A > 1 all residents at T 4 1 are descendants of mutants
at 7, yet for any A < 1 none is).

When deriving the evolutionary dynamics of the phenotype
z, we will obtain dynamic equations in terms of additive ge-
netic covariance matrices. In particular, we will see that the
mutational covariance matrix cov[y, y] that we obtained in the
canonical equation (A3) equals the additive genetic covariance
matrix of controls. Indeed, in Eq. (77), we define the additive
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genetic covariance matrix G of a vector { € R™*1 under our
adaptive dynamics assumptions, and show that

d dzT
S = (Greob )

In particular, as we will later show that, since controls do
not have developmental constraints and are open-loop so
dyT/dy|y=y = I (Eq. A51), it follows that the additive genetic co-
variance matrix of controls Gy equals the mutational covariance
matrix cov]y,y]. This and Eq. (A3) yield Eq. (14a).

Appendix 2: stable age distribution and reproductive
values

The mutant stable age distribution and mutant reproductive
value are given by dominant left and right eigenvectors v and u
of the mutant’s local stability matrix J in Eq. (11). Thatis, vand u
are defined respectively by Au = Ju and AvT = vT]. Expanding
these equations yields

IJ&
Aup =Y fiu (A7a)
=1
)Ll/l] =pj-1t4j-1 fOI‘j S {2, .. ,Na} (A7b)
Av; =v1fj +vj1p; forje€{l,...,Na}, (A7¢)

since vy, +1 = 0 without loss of generality. Egs. (A7b) and (A7c)
give the recurrence equations

-1
Mj =A p] 1uj 1

1
Vi *—Av —v1fi_1,
! Pj-1 -1 f] !

forj € {2,...,Na}, which iterating yield

wj= AT (A9a)
1 . )\] 1— k
= ALl
v fj/\ v — 01 Z N /5k
= %Aj_lvl (1 - Z Ak, fk> , (A9b)
] k=1

where {; = ]—H{;ll Pk is mutant survivorship from age 1 to age ;.
Eq. (A9b) can be rewritten in the standard form of Fisher’s (1927)
reproductive value in discrete time using the Euler-Lotka equa-
tion as follows. Defining ¢ = 1 and since A = 1, substituting
Eq. (A9a) in Eq. (A7a) and dividing both sides of the equation
by Auq yields

N, .
1=Y A74f, (A10)
j=1
which is the Euler-Lotka equation in discrete time (Charlesworth
1994, Eq. 1.42 and Caswell 2001, Eq. 4.42). Partitioning the sum
in Eq. (A10) yields

m—1 . Na .
1=} A=) AT, (A11)
j=1 j=m
which substituted in Eq. (A9D) yields
1 4 o
:[/\]’101 Y A i (A12)

i k=j
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This equation is the standard form of Fisher’s (1927) reproduc-
tive value in discrete time (Eq. 4.89 of Caswell 2001). Hence,
from Egs. (A9a) and (A12), we obtain the mutant stable age
distribution and mutant reproductive value:

ity
uj =A iy

1o @k
:E)\]7 U1 Z/\7 gkfk/
] k=j

forj e {2,...,N;}, where 17 and v; can take any positive value.
Evaluating at neutrality (y = §), we have that A° = Aly—y =1,
which yields Egs. (19).

Bienvenu and Legendre (2015) find that generation time can
be measured by

v°Tu®

T= veTFou®’

where we evaluate at resident trait values given our adaptive
dynamics assumptions, and where F is given by Eq. (11) setting
all p; to zero. Using Eq. (A7a), it is easily checked that v?TF°u® =
vjuj. In turn, we have that the numerator is

Thus, using Egs. (19) yields

o N,
veTu®  Ouy 1R, viuf

04,0
LT oyuy
0,,0 0,0 vN, N, o fo
vquy oty Y Yol Oy
0,,0
Uyt

N, N,
SN

j=2k=

(Al4)

We further manipulate this expression to recover a standard
expression of generation time (Charlesworth 1994, Eq. 1.47¢; Bul-
mer 1994, Eq. 25, Ch. 25; Bienvenu and Legendre 2015, Eq. 5).
Evaluating the Euler-Lotka equation (A10) at the resident con-
trols (so Aly=y = 1), we obtain that a neutral mutant’s expected
lifetime reproductive success is

PJA
Ri=) Gf =1 (A15)
j=1

Therefore, Eq. (A14) is

Na Nﬂ

T=1+) ) Gff=

j=2k=j

= Zﬁof] + szkfk

J=2k=j
N, N,

f1+25f] +) Y GR

J=2k=j

Nﬂ Na

Ry+ ). D Gifi

j=2k=j

N, N,
=GR+ |G+ L 6R
= =i
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Expanding the rightmost sum yields
Na
T=06F+Y (e;f; S Y R +£§,af§,a>
j=2

Expanding the remaining sum yields

T=6f +(Gf; +6f +Gf5 +- T 0Rf,)
(G +GE TG+ R
I
+ (R a1 + 1 fl -1 + O, )
+ (R SR, + 6 SR -

Collecting common terms yields
T =06/ +206f +36Gf3 + 46 f;
4+ .-+ N, IO\]afl%a

Iqa
=Y, (A16)
j=1

which is Eq. (21). This expression recovers a standard measure
of generation time (Charlesworth 1994, Eq. 1.47c; Bulmer 1994,
Eq. 25, Ch. 25; Bienvenu and Legendre 2015, Eq. 5).

Appendix 3: selection gradient in terms of R

Following Hamilton (1966) (see also Egs. 58-61 in Caswell 2009),
we differentiate the Euler-Lotka equation (A10) implicitly with
respect to a mutant trait value g, which yields

0=Y, (A‘f—] J —jéjf]-)t‘f‘l—)‘ :
=R %) by

Noting that A|y—y = 1 and solving for the selection gradient, we
obtain

Al _ 1§ MJ'J(J"
WBly—y Tty i3 % ly—y
1 9Ry
—19% A17
T, (a17)

where we use Egs. (28) and (A16). This is Eq. (29a). The same
procedure using total derivatives yields Eq. (29b).

Appendix 4: total selection gradient of states

Here we derive the total selection gradient of states dA/dx|y—y,
which is part of and simpler to derive than the total selection
gradient of controls dA/dy|y=y.

Total selection gradient of states in terms of direct fitness ef-
fects

We start by considering the total selection gradient entry for the
i-th state variable at age a. By this, we mean the total selection
gradient of a perturbation of x;, taken as initial condition of
the recurrence equation (8) when applied at the ages {4, ...,n}.
Consequently, a state perturbation at a given age does not affect
states at earlier ages, in short, due to the arrow of developmental
time. By letting ¢ in Eq. (27) be x;,, we have

dA
dxiﬂ

dw

y=y dxia

Na dw]

y=y j=1 dxiu

(A18)

y=y

Note that the total derivatives of a mutant’s relative fitness at age
j in Eq. (A18) are with respect to the individual’s state variables
at possibly another age a. From Eq. (24), we have that a mutant’s
relative fitness at age j, wj(z]-, Z, h]-(z i Z, 7)), depends on the in-
dividual’s state variables at the current age (recall z; = (x;;y;)),
but from the developmental constraint in Eq. (8) the state vari-
ables at a given age depend on state variables at previous ages.
We must then calculate the total derivatives of fitness in Eq. (A18)
in terms of direct (i.e., partial) derivatives, thus separating the
effects of state variables at the current age from those of state
variables at other ages.

To do this, we start by applying the chain rule, and since
we assume that controls are open-loop (hence, controls do not
depend on states, so dy;/dx;, = 0 foralli € {1,...,Ns} and all
a,j € {1,...,Na}), we obtain

dw] % awj dxkj 4 N % aw] aé‘y]' dxkj
dxig y=y a k=1 axkj dxj, =1r=1 a€,]' Bxk]» dx;,

Applying matrix calculus notation (Appendix 14), this is

T T
_ (B 3w g %) dw; duy
dxm 8x] =1 8xkj ae] dx,-g

dx,-a

y=y

Applying matrix calculus notation again yields

T T
dxia an ae]- _.
y=y

dx,-u

T
y=y dxm E)x]-
Factorizing, we have

T T
= C1)(j E?Eflz _+_ E?fii, E?Efiz
- dxm aX]‘ aX]' a(:‘j

y=y

(A19)

dxm

y=y

Eq. (A19) now contains only partial derivatives of age-specific
fitness.

We now write Eq. (A19) in terms of partial derivatives of
lifetime fitness. Consider the selection gradient of states at age j or,
equivalently, the column vector of direct effects of a mutant’s states
at age j on fitness defined as

_ <aw i )T
y=y axlj’ ! astj

Such selection gradient of states at age j forms the selection
gradient of states for all ages (Eq. 30). Similarly, the column
vector of direct effects of a mutant’s environment at age j on fitness is

_ <aw o )T
y=y 861]" ! BeNe]-

and the matrix of direct effects of a mutant’s states at age j on her
environment at age j is

w

Nsx1
— € R™™*N
aX]‘

y=y

ow

aej

c 1IQ>PJ5 X 1,

y=y

a€1j aeNe]»
ai = . .. : c RNsxNe
ox; y=y a. . Be.T
€l 9Ny
oxp,;j oxN,; -
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From Eq. (26), w only depends directly on x;, y;, and €; through
wj. So,

ow;  ow
0
ax  ox (A20a)
ow;
owj _ ow (A20b)
ay]‘ ay]'
ow; Jw
]
77 A
ae]- 86]'/ ( ZOC)
which substituted in Eq. (A19) yields
= _ AF R —
dx,-a y=y dx,-a aX] aX] ae] y=y
dxT 5
_ j ow
= (dxia 5Xj) K (A21)

y=y

where the semi-total selection gradient of states at age j or, equiva-
lently, the column vector of semi-total effects of a mutant’s states at
age j on fitness (i.e., the total gradient considering environmental
but not developmental constraints) is

T
= a—w+aej Iw e RN:x1,
an .

an de j
Consider now the semi-total selection gradient of states for
all ages. The block column vector of semi-total effects of a mutant’s
states on fitness is

- (Lw Lw)
v=y ox1” T oxy,

Using Eq. (33d), we have that

deTow _ (($hdef ow) _ (%) dw
ox O€ o =1 aX] aek o Bx] Be]
is a block column vector whose j-th entry equals the rightmost
term in Eq. (A22). Thus, from Egs. (A22), (30), and (A23), it
follows that the semi-total selection gradient of states is given
by Eq. (40).
Now, we write the total selection gradient of x;, in terms of

the semi-total selection gradient of states. Substituting Eq. (A21)
in Eq. (A18) yields

B @)
y=y =1 dxm (SX] y=y dxm ox y=y !

where we use the block row vector

ow

(SX]‘

(A22)

y=y

sw

c ]I{]Vapds X 1'
ox

y=y

(A23)

dw
dxl-a

dxT dxg dxf, 1xN,N.
= PR € R 7Nl
dx;, dx;, dx;,

Therefore, the total selection gradient of all state variables across
all ages is

dw dxT sw
—| = ( )‘ e RN, (A24)
=y y=y

dx y=y dx ox

32 Gonzalez-Forero & Gardner

where the semi-total selection gradient of states is given by
Eq. (40) and the block matrix of fotal effects of a mutant’s states on
her states is

aof 4,

Xm axl
@ = . . c RNaNsXNaNs'
dx y=y : 'T

S T

dx N. dXNa y=y

Using Eq. (40), expression (A24) is now in terms of partial deriva-
tives of fitness, partial derivatives of the environment, and total
effects of a mutant’s states on her states, dxT /dx, which we now
proceed to write in terms of partial derivatives only.

Matrix of total effects of a mutant’s states on her states

From the developmental constraint (8) for the k-th state
variable at age j € {2,...,Na} we have that x;; =
8kj-1(zj-1,2h;j_1(zj_1,2,7)), so using the chain rule since con-
trols are open-loop we obtain

(N agyq dxg g
=1 axl,]-,l dxm

dxk]-

y=y

dxm

n Ne Ne 9gyi10€r, 1 dxl,jl)

0€yj—1 0xp 1 dxig

I=1r=1

y=y
Applying matrix calculus notation (Appendix 14), this is

_ dx_ydge; 1 Ny €4 9gy i1 dxyjg
dxm an,1 =1 axl,]-_l 36];1 dx,-a

dxk]-

dxm

y=y
Applying matrix calculus notation again yields

(X 9g o IX €] agii
o dx,-a aX]‘_l dxm an_l 86]'_1

dxk]'
dx,-g

y=y
Factorizing, we have

dxl_; (9g 1
= +
y=y dx,-,, Bx]-_l

dxkj

de]_; 0gyi 1) |
dx,-a

aX]'_l ae]-_l

Rewriting gx ;1 as xy; yields

dxk]‘ dX};l Bxk] n ae}-,l axk]
dxm y=y a dxiﬂ ax]»,l an,1 36]‘,1 y=y
Hence,
T T T T T
dxj _ dx];1 ax], N ae];l E)xj (AZ5)
dxm _ dxiﬂ ax]-,l aX]',1 861;1 _ !
y=y y=y

where we use the matrix of direct effects of a mutant’s states at age
j on her states at age j + 1

0x1,j41 OXN, j+1
axT : E)xl]- 8x1j
j+ = c RNs ><Ns,
an . : :
Y=y 0X1,j41 OXN, j+1
XN, oxN,j :
Nej Noj /7 ly=y

2636

2637

2638

2639

2640

2641

2642

2643

2644

2645

2646

2647

2648

2649

2650

2651

2652

2653

2654


https://doi.org/10.1101/2021.05.17.444499
http://creativecommons.org/licenses/by-nc-nd/4.0/

2655

2656

2657

2658

2659

2660

2661

2662
2663
2664
2665

2666

2667

2668

2669

2670

2671

2672

2673

2674

bioRxiv preprint doi: https://doi.org/10.1101/2021.05.17.444499; this version posted May 19, 2021. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

and the matrix of direct effects of a mutant’s environment at age j on
her states at age j + 1

0X1,j41 OXN,ji+1
axT ) 861]' 861]'
I+ = € RNexNs
ae]- . : :
y=y 0x1,j41 OXN, j+1
aé‘Ne]' aé‘Ne]' y=y
We can more succinctly write Eq. (A25) as
dx] dxl , &x]
-1
! =2 ! , (A26)
dxjg | dxig 0xj-1 )|
y=y y=y

where we use the matrix of semi-total effects of a mutant’s states at
age j on her states at age j + 1

oxT oxT oeT oxT
e e s A e RV N (A27)
5Xj _ aX] aX] ae] _
y=y y=y

The block matrix of semi-total effects a mutant’s states on her
states is

5X1 (5X1
ol .
5x :7: . .
SR N G,
(5XNa 5XNa y=y
oxT
2
o 0 0
0 I - 0 0
=1: = o : (A28)
oxT
N,
0 0 2
5XNH,1
0 0 --- 0 I i

c ]RNBNS ><NaN5.

The equality (A28) follows because semi-total effects of a mu-
tant’s states on her states are only non-zero at the next age (from
the developmental constraint (8)) or when a variable is differen-
tiated with respect to itself. Using Egs. (33d) and (33c), we have
that

T ox!
9eT oxT (Na oe] ] > 36” ai forj=a+1
o . T Yo A~ = Xa ‘;a ’
ox Jde = X, J€| 0 forj£a+1
(A29)

which equals the rightmost term in Eq. (A27) for j = a + 1. Thus,
from Egs. (A27), (33a), (A28), and (A29), it follows that the block
matrix of semi-total effects of a mutant’s states on her states
satisfies Eq. (42).

Eq. (A26) gives the matrix of total effects of a mutant’s i-th
state at age a on her states at age j. Then, it follows that the
matrix of total effects of all of a mutant’s states at age a on her

states at age j is
T T T
dx] _ dx i1 Ox :
. ng 5X]',1 .
y=y y=y

]

ax, (A30)

Eq. (A30) is a recurrence equation for dx]T/ dx, over age j €

{2,...,Na}. Because of the arrow of developmental time (due to
the developmental constraint (8)), perturbations in an individ-
ual’s late state variables do not affect the individual’s early state
variables (i.e., clx]T/dx‘Z =0forj<aandj€ {1,...,N, —1HL.
Additionally, from the arrow of developmental time (Eq. 8), a
perturbation in an individual’s state variable at a given age
does not affect any other of the individual’s state variables at
the same age (i.e., dx} /dx, = I where I is the identity matrix).
Hence, expanding the recurrence in Eq. (A30), we obtain for
j€{1,...,Na} that

T
dx] ox1 4 o ox] forj > a
o dx, Ox, 5x]-,1 o
]
= T
dxq | dxa forj=a
y=y dxa |4y ]
0 forj<a
oxT ox]
a+l . ] for i
= y=y (A31)
I forj=a
0 forj < a.

Thus, the block matrix of total effects of a mutant’s states on her
states is

dx] dX;\,a
Tm dX1
dxT B . . .
(1)( . - . .
y=y (1)({ (1)({J
dea dea y=y
s
dxq dxq dx
dx}\, 1 dxﬁ
0 I a a
dXz dX2
=1: = - : : (A32)
dxI
0 o0 Na
dxn, 1
0 0 - 0 I )
y=y

NaNs x N, N,
e H} alVs a s,

which is block upper triangular and its aj-th entry is given by

8%
=L oxT oxT ox]
k+1 :
dxT H(5+ = 5”“---5/ forj>a
5 L= dk=a 9% Xa Xj-1 (A33)
Xa I forj=a
0 forj <a.

Since matrix multiplication is not commutative, the ~ denotes
right multiplication. Egs. (A32) and (A33) write the matrix of
total effects of a mutant’s states on her states in terms of partial
derivatives, given Eq. (A27), as we sought.

! More specifically, we take the derivative dx]T /dx;, as referring to the effect on x/T

of a perturbation of the initial condition x, of the difference equation (8) applied

at the ages {a,...,n}. Hence, if j < q, x/T is unmodified by a change in the initial

condition of (8) applied at the ages {a,...,n}.
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From Eq. (A32), it follows that the matrix of total effects of a
mutant’s states on her states dxT/dx|y—y is invertible. Indeed,
since dxT/dx|y=y is square and block upper triangular, then its

determinant is
T dxT dxI
det di = det &9 - -det Na
dx y=y dxq | dxn, |
y=y y=y

(Horn and Johnson 2013, p. 32). Since dx}/dx, ly=y = L,
then det(dx]/dxsly—y) = 1 foralla € {1,...,Na}. Hence,
det(dxT/dx|y=y) # 0, so dxT/dx|y=y is invertible.

We now obtain a more compact expression for the matrix of
total effects of a mutant’s states on her states in terms of partial
derivatives. From Eq. (A28), it follows that

(5x;
e 0 0
0 0 - 0 0
.
%&, 1= . (A34)
X ly=y T
0 0 5xNa
OXN, -1
0 0 - 0 0 )

which is block 1-superdiagonal (i.e., only the entries in its first
block super diagonal are non-zero). By definition of matrix
power, we have that (xT/dx — I)0 = I. Now, from Eq. (A34),
we have that

ox7
N )5 ifi=atl
ox - Xa
0 otherwise

Using Eq. (A34), taking the second power yields

T 2 T T
(ﬁ_l) _ (‘&_I) (&_I)
Ox Ox Ox

oxT ox!
—l_J fj=a+2

= 0xa Oxay1 ,
0 otherwise

which is block 2-superdiagonal. This suggests the inductive
hypothesis that

m
. j—1 oxT
SxT t k41 e .
0 otherwise

holds for some i € {0,1, ...}, which is a block i-superdiagonal
matrix. If this is the case, then we have that

o N\ ed N eT
ox o\ Ax Ox

o T
a+i—1 Sy T X!
M 0

] o .

- fi=a+i+1
=19 e & X

0 otherwise

m

j—1 (SXT
_ KL fj—ati+1
- k=a O

0 otherwise
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This proves by induction that Eq. (A35) holds for every i €
{0,1,...}, which together with Eq. (A33) proves that

xT

oxT i i
<§“) = || I

0 otherwise

ifj=a+i

holds for alli € {0,1,..., N, }. Evaluating this result at various
i, note that

0 dx o
(200 = (o e |1 o=
ox i ) 0 otherwise
0 otherwise

is a block matrix of zeros except in its block main diagonal which
coincides with the block main diagonal of Eq. (A32). Similarly,

oxT 1 dx;+1
(:*;;;;* — I:) = (1)(u

0 otherwise

ifj=a+1

is a block matrix of zeros except in its first block super diagonal
which coincides with the first block super diagonal of Eq. (A32).
Indeed,

. dxT .
oxT 1 a-+i
(L _I) ) PR

0 otherwise

ifj=a+i

is a block matrix of zeros except in its i-th block super diagonal
which coincides with the i-th block super diagonal of Eq. (A32)
foralli € {1,..., N, — 1}. Therefore, since any non-zero entry

of the matrix (6xT/dx — I)i corresponds to a zero entry for the
matrix (6xT/6x — 1) forany i # jwithi,j € {0,..., N, — 1}, it

follows that )
dxt Naot roxt !
P VAT
i=0
From the geometric series of matrices we have that

G- )]

(A37)

(A36)

The last equality follows because 0xT/dx — I is strictly block
triangular with block dimension N, and so dxT /éx — I is nilpo-
tent with index smaller than or equal to N,, which implies that
(6xT/6x —T)Na = 0. From Eq. (A28), the matrix 21 — 6xT /dx is
block upper triangular with only identity matrices in its block
main diagonal, so all the eigenvalues of 2I — dxT/Jx equal one
and the matrix is invertible; thus, the inverse matrix in Eq. (A37)
exists. Finally, using Eq. (A37) in (A36) yields (44), which is a
compact expression for the matrix of total effects of a mutant’s
states on her states in terms of partial derivatives only, once
Eq. (42) is used.

Conclusion

Form 1Using Eqgs. (A24) and (40) for { = x, we have that the
total selection gradient of states is

27 dw

ox 0e .

o) _[ed (2u,
y=y dx \ ox y=y

dx
Thus, using Eq. (49) yields the first line of Eq. (63).
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Form 2 Using Eq. (A24), the total selection gradient of states is
given by the second line of Eq. (63).

Form 3Using Eqs. (A24), (40) for = z, and (53), we have that
the total selection gradient of states is given by the third line of
Eq. (63), where the semi-total selection gradient of the phenotype is

ow
dwl | X e RN(Ns+No)xT — (A3g)
0z |- ow
y=y e
0y / ly—y

Form 4 Finally, using the first line of Egs. (63) and (56), we obtain
the fourth line of Eq. (63).

Appendix 5: total selection gradient of controls

Total selection gradient of controls in terms of direct fitness
effects

Here we derive the total selection gradient of controls following
an analogous procedure to the one used in Appendix 4 for the
total selection gradient of states. For the i-th control variable at
age 4, letting ¢ in Eq. (27) be y;,, we have

dA
dyia

_dw
y=y dyiu

Na dw]

(A39)

y=y  j=1 Wialy=y
The total derivatives of a mutant’s relative fitness at age j in
Eq. (A39) are with respect to the individual’s control variables
at possibly another age 2. We now seek to express such selection
gradient entry in terms of partial derivatives only.

From.Eq. (24), we have wj(z]-,z, }.lj(zj’ z,7)) and zj = (xj;y]-),
so applying the chain rule, we obtain

dyia

. N E)w] dxk]‘ Ne aw] dykj
y=y k=1 axkj dyiu k=1 a]/k] dyia
N Ne ow; aé‘r]' dxk]-

+k22 /

— = 9€rj 9xkj dyig
Ne Ne aw] ae,]‘ dykj) '
y

+kZZ

=1 /=1 9€rj Ikj AVia

=y
Applying matrix calculus notation (Appendix 14), this is

dyiq aXj

dyia

T T
dyj dw; | gk %€ dw; du
dyiu an k=1 axkj aej dyiu

Ne ae}!— aw]' dyk;) ‘
y

y=y

Jr [ ——
k=1 a]/kj aej dyiq

T 3T
dw; dxj ae]. ow;

dyiu

Applying matrix calculus notation again yields
T
AL

dx] dw;
= [t S
y=y  \ia 0x;  dyj, Jy;

dy o] aw,-> ‘
-

dvia 3, %€,

dym ay] Je i
Factorizing, we have

T T
I e B B
y=y dyza aX] aX] 36]

dy ia

dyl ([ ow
J J
+ -+ (A40)
dyiq (an
We now write Eq. (A40) in terms of partial derivatives of
lifetime fitness. Consider the selection gradient of controls at age j

or, equivalently, the column vector of direct effects of a mutant’s
controls at age j on fitness

_ (e )
S\ NG )|

and the matrix of direct effects of a mutant’s controls at age j on her
environment at age j

T

aej awj) :| '

dy; O€; '
Y O€; y=y

y

- = H{TVE><1,

y=y

dej 9N
seT 9Y1; IY1j
Afiz, = . . : c H{IVE X Ne
BY‘ = : . : .
/ y=y aelj aeTNej
achj a]/NC/ y=y

Using Egs. (A20) and (A22) in Eq. (A40) yields
_ [ (o, % aw
y=y dyi, \ 9x;  0x; O€;

LY (ow %] o

dyi, a}’j ayj ae]-

B <dX]T Sw deT 5w>

dyiu 57)(] dyia E

dyia

y=y

’ (A41)
y=y

where we use the semi-total selection gradient of controls at age j or,
equivalently, the semi-total effects of a mutant’s controls at age j on

fitness
g\

Consider now the semi-total selection gradient of controls for
all ages. The semi-total selection gradient of controls or, equivalently,
the block column vector of semi-total effects of a mutant’s controls

on fitness is
y=y  \oy1"  dyn,

Using Eq. (33d), we have that

deTdw _ (b def ow) _ (%) dw

ay oe =1 ay] aek ayj a€]
is a block column vector whose j-th entry is the rightmost term
in Eq. (A42). Thus, from Egs. (A42), (31), and (A43), it follows
that the semi-total selection gradient of controls satisfies Eq. (40).
Now, we write the total selection gradient of y;, in terms

of the semi-total selection gradient of controls. Substituting
Eq. (A41) in Eq. (A39) yields

P (S B
vy 5 \dvia 0% dyiady; )|
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Sw E)e]T Jw

L= e RNexT, (A42)
ay] a€]> ‘yy

ow

ow c RNaNex1
oy

y=y

(A43)

dw
d]/iu
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B (de ow

2ogs)
dyia 6x = dyiq Oy y:y/

where we use the block row vectors

T

dxT _ de,.“/dea  RIXNoN:

dyia dyia dyia

dy™ _ (dy] dy{, 1xN,Ne
= PR R .

dyiu dyia d]/ia

Therefore, the total selection gradient of all control variables
across all ages is

dyT sw

dw _(dxT ow dyT
a dy dy

dw ax ow € RNNXL - aqy)
dy ly—y dy ox )‘yy

where we use the block matrix of total effects of a mutant’s controls
on her states

dx] dx{.
dyi ay1
o : ¢ RNNexNoN,
dy . - . . ’
vy dx dxf,
dyn, dyn, / ly_y

and the block matrix of total effects of a mutant’s controls on her
controls

dyf . dyy,
dy; dy1
dy™ _ . - - € RNsNexNaNe
dy . - . . *
y=y
dy]  dyg,
dYNa dYNa y=y

Expression (A44) is now in terms of partial derivatives of fitness,
partial derivatives of the environment, total effects of a mutant’s
controls on her states, dxT/dy, and total effects of a mutant’s
controls on her controls, dyT/dy, once Eq. (40) is used. We
now proceed to write dxT/dy and dyT/dy in terms of partial
derivatives only.

Matrix of total effects of a mutant’s controls on her states and
her controls

From the developmental constraint (8) for the k-th state
variable at age j € {2,...,Na} we have that Xgjo o=
8kj-1(zj-1,2hj 1(zj_1,Z 7)), so using the chain rule we obtain

S 0gkj1dag
y=y 5 9%1,j-1 Via

dxk]-
dyiu

Ne g1 dyrj—1
=91 dYia

n N Ne 9gy i1 0€rj_1 dxg g

=1 /=1 9€rj—1 9x1j-1 dYia

N % Ne 0gr;-19€.j-1dyj 1 ) ‘

=21 %€rj-1 %Y1 dyia
Applying matrix calculus notation (Appendix 14), this is

_ dx]_; gij1
dyis 0xj1

dyl_; 98,1
dyia anfl

dxk]-
dyia

y=y
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:
No dej y agy 1 dx;;

(= 0xj-1 9€j—1  dyig

Ne ae]T—l 98k,j—1 dy1,j—1
= 9yij-1 9€j1 dyig o

Applying matrix calculus notation again yields 2604
doxy; _ dx]_y g1 Y[ q 9k
dyiu y=y dyia aXj—l d]/ia an—l
T T
N dx;_; 0€;_1 dgy i 4
dyi, 0xj_1 0€j_q
dy/ , 9€]_; 9g;.; 1
dyia dyj—1 J€j_1 -
Factorizing, we have 2805
doxg; [ (9gkj +a"3]11 98k,j—1
dYia ly—y dyis \ oxj-1  0xj_1 O€j_q
dy/ i (0gkj-1 €] 1 9gkj1
_%
dyis \ 9yj—1  9dyj-1 9€j1 —s
Rewriting gi ;1 as xy; yields 2806
; dxT . o€l .
dxk] _ X]71 8xk] n 6]71 axk]
dYia [y—y dyis \9xj-1  0xj_10€j1
dyj i (oxy e[, ax
_F
dyip \9dyj—1  dyj—10€j1 o
Y=y
Hence, 2807
dxT

T T T T
_ dx];1 ax]. +aej71 axj
y=y dyiﬂ aX]',1 an,1 88];1
dyl ox]  del , ox!
LIRS e , (A45)
dyj—1  Jyj—10€j_1 -

where we use the matrix of direct effects of a mutant’s controls at  zsos

age j on her states at age j + 1 2800
OXpj1 9XNj1
Y1 Y1
aXT+1 yl] yl]
] = . . . GE H{IV£><IV;.
ayj o . .
y=y 0x1 11 OXN, j+1
IYN,j WNG /|y
We can write Eq. (A45) more succinctly as 2810
T T T T T
dxj B clxj_1 (5x]. dyj_1 5xj
vl = \dym ox o T dya Oy, , o (A%9)
ia y=y ia j—1 ia j—1 y=y

where we use the matrix of semi-total effects of a mutant’s controls s
at age j on her states at age j + 1 2812

oxT ox! el oxT
iaa] [ ( e a]“)' e RN"N. (A47)
i |5y Yj yj 9€;
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We also define the corresponding matrix across all ages.
Specifically, the block matrix of semi-total effects of a mutant’s
controls on her states is

5XI 5X}\L‘
dyi oy
T -
5}’ . - . .
R N T
OYN, OyN, / ly—y
k) T
% 0 0
dy1
0 0 o 0 0
=|: + : (A48)
oxt
0 0 e 0 Na
SYN, -1
0 0 --- 0 0 )

€ RNaNexNaN;

The equality (A48) follows because semi-total effects of a mu-
tant’s controls on her states are only non-zero at the next age
(from the developmental constraint (8)). Using Egs. (33d) and
(33c), we have that

T Ox!
deT oxT L Oef ax].T o€ 7 forj=a+1
3y 9e  \ & ays 9 | | ] e %€ /
k=1 0 forj#a+1
(A49)

which equals the rightmost term in Eq. (A47) for j = a+ 1.
Thus, from Eqs. (A47)-(A49), it follows that the block matrix of
semi-total effects of a mutant’s controls on her states satisfies
Eq. (42).

Eq. (A46) gives the matrix of total effects of a mutant’s i-th
control at age a on her states at age j. Then, it follows that the
matrix of total effects of all of a mutant’s controls at age 2 on her
states at age j is

T
dx :
dy,

dyjl1 5ij

B ( clxjt1 (5ij .
B dy, Jx;
y=y Ya 0Xj_1

dya dyj1

) ‘ . (A50)
y=y

2828

2829
2830
2831
2832

2833

2834

2835

Eq. (A50) is a recurrence equation for dx]T/ dy, over age j €

{2,...,Na}. Since a given entry of the operator d/dy takes the
total derivative with respect to a given y;, while keeping all the
other controls constant and controls are open-loop, a perturba-
tion in an individual’s control does not affect any other of the in-
dividual’s control variables (i.e., dy} /dy, = I and dy]T /dy, =0
for j # a). Thus, the matrix of total effects of a mutant’s controls
on her controls is

I 0 0 0
dyf dyy,
dy; dy; 0 I 00
ayt | .
&%= . S
.
dy] dyy, 0 0 I 0
dyn, dyn, 0 0 I
=1 € RNaNexNaNe (A51)

Moreover, because of the arrow of developmental time (due
to the developmental constraint (8)), perturbations in an indi-
vidual’s late control variables do not affect the individual’s
early state variables (i.e., dij/ dy, = 0forj < aand j €

{1,..., N, —1})2 Additionally, from the arrow of developmen-
tal time (Eq. 8), a perturbation in an individual’s control variable
at a given age does not affect any of the individual’s state vari-
ables at the same age (i.e., dx]T /dys = 0 for j = a). Consequently,

Eq. (A50) forj € {1, ..., N3} reduces to

T
o]
d
Yely—y
T T T T
dx];1 in dy];1 (ij forj—1>a
dy. 0xj1 dy.  dyj1
0, from (A51) y=y
dx]T_1 (5ij dy]T_1 5x].T '
= + forj—1=a
dys 0xj1 dy.  dyj1
0, from (8) I, from (A51) .
y=y
dx]l1 (5ij dyJL1 5x].T .
forj—1<a.
dya 0xj_1 dy.  dyj
L — N———r
0, from (8) 0, from (A51) v
y=y
That is,
dxT . &xT
1 forj—1>a
dys 0xj_1 .
dxT y=y
] = oxT
dya| ! forj—1=a
y=y v
Yitly—y
0 forj—1<a.
Expanding this recurrence yields
T T T
(d;(a-Fl ixa+2 e (55)(] > fOI'j —1>a
X Xi_
o Ya 0Xat1 =1/ ly—y
d ] =9 i
a 5 —
Ya y=y 3ye forj—1=a
0 forj—1<a.
(A52)
Evaluating Eq. (A52) at j = a + 1 yields
dxg. _ g1
d ) ’
Yo ly=y Yo ly-y

2 Again, we take the derivative dx]T /dyi, as referring to the effect on x/T of a

perturbation of the initial condition y, of the difference equation (8) applied at
the ages {a,...,n}. Hence, if j < a, x]T is unmodified by a change in the initial
condition of (8) applied at the ages {a,...,n}.
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which substituted back in the top line of Eq (A52) yields

T T T

<(5:;u+1 §§u+2 . 5()5:(] ) fOI'j —1>a
& Ya a+1 j—1 y=y
_J — 5XT
dya y=y ﬁ ) forj—1=a

y=y
0 forj—1<a.
(A53)

Hence, the block matrix of total effects of a mutant’s controls on her
states is

dx] dxq.
dyr dyi
ol | -
dy . - . .
y=y (1)({ (1)(}95
dyn, dyn, / Iy
0 L)g deT\]rl clx}\,a
dys dyi dyi
0 o deT\]rl clx}\]a
dya dy2
=|. . ) . . (A54)
dx],
N,
o 0 - 0 a
dyn, -1
o o0 .- 0 0 .
y=y
e RNaNcXNaI\]S
whose aj-th entry is given by
oxT dxT
dx]T —tl__J_ forj>a
=193 9ya dxai1
dy,
0 forj<a
8%
=1 55T
X1 ]1—[ i1 forj > a
= (Syu k=il (5xk
0 forj<a
T
Xj 41 9%j4 o forj > a
= 5ya (SXaJrl 5X]‘,1 (A55)
0 forj <a,

where we use Eq. (A33) and adopt the empty-product conven-
tion that

T T
dxpin _ i1 _
dxa1 k=a+1 Xk

Egs. (A54) and (A55) write the matrix of total effects of a mu-
tant’s controls on her states in terms of partial derivatives, given
Eq. (A47), as we sought.

We now obtain a more compact expression for the matrix
of total effects of a mutant’s controls on her states in terms of
partial derivatives. To do this, we note a relationship between
the matrix of total effects of a mutant’s controls on her states

38 Gonzalez-Forero & Gardner

with the matrix of total effects of a mutant’s states on her states.
Note that the aj-th entry of (6xT /dy)(dxT/dx) is

@szfww
oy dx G = 0Ya dxi

5xaT+1 dij
B Sya dxgiq
T
_ dxj
dy,’

where we use Eq. (A48) in the second equality and Eq. (A55) in
the third equality, noting that dx]T /dx,41 = 0and dij /dy, =0
for j < a. Hence, Eq. (45) follows, which is a compact expression
for the matrix of total effects of a mutant’s controls on her states
in terms of partial derivatives only, once Eqs. (44) and (42) are
used.

Conclusion

Form 1Using Eqs. (A44), (A51), and (40) for € {x,y}, we have
that the total selection gradient of controls is

_ [T (0w deTw) | dw
[ dy \ox  ox e oy

Thus, using Eq. (50) yields the first line of Eq. (64).

dw
dy

deT o
dy de

y=y y=y

Form 2 Using Eqs. (A44) and (A51), the total selection gradient
of controls is given by the second line of Eq. (64).

Form 3 Using Eqs. (A44), (A38), and (54), we have that the total
selection gradient of controls is given by the third line of Eq. (64).

Form 4 Using the first line of Eqgs. (64) and (57), we obtain the
fourth line of Eq. (64).

Form 5Finally, we can rearrange total genetic selection (64) in
terms of total selection on states. Using Eq. (45) in the second
line of Eq. (64), and then using the second line of Eq. (63), we
have that the total selection gradient of controls is given by the
fifth line of Eq. (64).

Appendix 6: total selection gradient of the environment

Here proceed analogously to derive the total selection gradi-
ent of the environment, which allows us to write an equation
describing the evolutionary dynamics of the metaphenotype.

Total selection gradient of the environment in terms of direct
fitness effects

As before, we start by considering the total selection gradient
entry for the i-th environmental variable at age 2. By this, we
mean the total selection gradient of a perturbation of €;, taken
as initial condition of the developmental constraint (8) when
applied at the ages {4, ...,n}. Consequently, an environmental
perturbation at a given age does not affect states at earlier ages
due to the arrow of developmental time. By letting  in Eq. (27)
be €j,, we have

dA
deiq

_ dw Na dw;

y=y deia

(A56)

y=y

y=y j=1 deia

The total derivatives of a mutant’s relative fitness at age j in
Eq. (A56) are with respect to the individual’s environmental
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2000 variables at possibly another age a. We now seek to express such
201 selection gradient in terms of partial derivatives only.

2902 From Egq. (24), we have w;(z;,z,€;) and z; = (x;;y;), so ap-
203 plying the chain rule and, since we assume that controls are
2004 open-loop (hence, controls do not depend on the environment,
2005 s0dy;/dej; = 0foralli € {1,...,Ns} and alla,j € {1,...,Na}),

2906 we obtain
NS . . Ne . .
_ Z awj dxk] " Z %dek]
o =1 axk] del-g k aekj dei,, y=y

Y=y
T T
e s R
dE,’a Bx] deia Be]

de in

y=y

2007 In the last equality we applied matrix calculus notation (Ap-
2008 pendix 14). Using Eq. (A20) we have
dwj| (dx]T ow  de] aw>‘ .

T (A57)

deiu 87] d€,‘u 8761

y=y

2000 Substituting Eq. (A57) in (A56) yields

dw M dx]T aw N de]T w

dé‘ig y=y =1 dé‘ig axj dem Be] y=3
[ dxT aﬁw deT 3760
~ \dej, ox  dej, O€ y=§

210 Therefore, the total selection gradient of all environmental vari-
2011 ables across all ages is

dw

NaNex1
- c H{ alVe ,
de

(A58)

y=y

(de ow

dxT ow  deT dw
de ox

‘de oe

y=y

2012 where we use the block matrix of total effects of a mutant’s environ-
2013 ment on her states

T T
e A
T de 1 Jde 1
dx = : - : € RNaNsxNaNe
de y=y de de
1 ... Na
de N, de N, -

y=y

2014 and the block matrix of total effects of a mutant’s environment on

2915

2916
2917
2918
2919

2920

her environment

Matrix of total effects of a mutant’s environment on her envi-
ronment

From the environmental constraint (9) for the k-th environmental
variable at age j € {1,..., Na} we have that € = hk]'(Z]',Z,T),
so using the chain rule since controls are open-loop yields

% % ) forj>a
d =1 axlj dem y=y
ekj
de; ST % ;
a ly=y ae- fOI'] =a
waly=y
0 forj<a
dxT 9e;;
T Tk for i
(dem ij ) - orj>a
=< Qe
5 ki forj=a
Cia ly=y
0 forj < a.

In the last equality we used matrix calculus notation and rewrote
hy; as €. Since we assume that environmental variables are mu-
tually independent, we have that dey,/de;, = 1if i = k or
0€y, /9€j, = 0 otherwise; however, we leave the partial deriva-
tives deg, / d€;, unevaluated as it is conceptually useful. Hence,

dx]-T ae]T '
Ei;;;;; i;;;}’ B f()r ] >a
deT y=y
! = ae].T
de; .
ialy_g de, forj=a
0 forj <a.

Then, the matrix of total effects of a mutant’s environment at
age a on her environment at age j is

dx]T Be]T '
de” Tx] ) fOr] >a
de}r y=y
= oe] (A59)
de / =
% |y—y .| forj=a
y=y
0 forj <a.

Hence, the block matrix of total effects of a mutant’s environment
on her environment is

T T
del deNa
d€1 ael
T
de = € RNaNexNaNe
de y=y deT deT
1 Na
deNa d€Na <

y=y

Expression (A58) is now in terms of partial derivatives of fitness,
total effects of a mutant’s environment on her states, dx7/de,
and total effects of a mutant’s environment on her environment,
deT/de. We now proceed to write dxT/de and deT /de in terms
of partial derivatives only.

de]

dey

ger| _| "
de |,._. :
y=y deT
deNa

T
de N,

d61

T
de N,

de N, -
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de] dej dey, 1 dej,
o€l deq deq de;
a€2 dez de2
0 0 E)e}\]a_l def,.
den,—1 den, 1
oel
0 0 0 5 Ne
€N/ ly=y
(A60)

€ RNaNexNaNe

Note that the aj-th entry of (dxT/de)(deT/0x) for j > ais

(de ae'r) N, dx; ae}' dx]T ae]T
de ox /,; o = de,q ox; " de, ax;’

where we use Eq. (33d) in the second equality. Note also
that since environmental variables are mutually independent,
de! /de, = 0 for j # a from the environmental constraint (9).
Finally, note that because of the arrow of developmental time,
8ij /o€, = 0 for j < a due to the developmental constraint (8).
Hence, Eq. (52) follows, which is a compact expression for the
matrix of total effects of a mutant’s environment on itself in
terms of partial derivatives and the total effects of a mutant’s en-
vironment on her states, which we now write in terms of partial
derivatives only.

Matrix of total effects of a mutant’s environment on her states

From the developmental constraint (8) for the k-th state variable
atagej € {2,..., Na} we have that Xkj = 8k,j-1 (zj,l,z, ej,l), )
using the chain rule since controls are open-loop yields

Ne 0gy,j—1 depj1
1=1 ael,j—l dejq -

dxk]-
dejq

Ne 9gyj—1 dxg i1
= 9x-1 dej

y=y

_ <dx]T1 axkj

de]ll axk]-
dem an,l

dé‘ia ae]-,l

In the last equality we used matrix calculus notation and rewrote

8k,j—1 as xyj. Hence,
T
i
dej; dej1 )|
y=y

T T

_ dx i1 ax :
de,-a ax -1

Then, the matrix of total effects of a mutant’s environment at

age a on her states at age j is

T T T T
_ dxj_1 ax]. de]._1 ax].
de, ax]'_l de, aej_l

T
dxj

deia -
y=y

dxT
]

de, B
y=y

Using Eq. (A59) yields

de,

y=y
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T T T T T
dx];l ax]. dx];1 aej71 E)x]. forj—1>a
de, aX]‘,1 de, aX]‘,1 86];1
T T
dx] %1 | def 9%,y forj—1—a
de, 0x, Je, OJ€,
~—~
0, from (8) y=y
dx! oxT
j—1 j .
de, % forj—1>a
——
0, from (8) y=y
dx? ox! del . ox!
j—1 ] -1 77 ;
forj—1
|: dé‘a <an1 + aX]‘,1 86]1):| ‘ _ orJ =4
y=y
— T
= o€l 9% .
(ii)(;‘l E)(§j471 ) for ] — 1=na
y=y
0 forj—1>a.
Using Eq. (A27), this reduces to
dxT , ox7
1 forj—1
(L) rs
dx}[ y=y
= oe] ox!
de B a ~“a+l fori—1—=
“ly=y (E)ea de, ooy ?
y=y
0 forj—1>a.
Expanding this recurrence yields
T T T
dx; 1 9%, 15 o 5xf forj—1>a
de, (SXH+1 (5Xj,1
dx .
- = oel ox
de _ a Tatl fori—1=
aly—y <aea 3, > ‘ ] or | a
y=y
0 forj—1>a,

which using Eq. (A33) yields

ToxT . dx!
d€q Xas1 ) forj—1>a
oe; de; dx,iq B
deT y=y
= e’ ox!
de 9€a "Mat1 F1
7 |y—y <Beﬂ %, ] forj—1=a
y=y
0 forj—1>a.
(A61)

It will be useful to denote the matrix of semi-total effects of a
mutant’s environment at age j on her states at age j for j > 0 as

oxT oel . ox!
Ll =T | eRNxM, (A62)
(56]'_1 y=y ae]'_l Be]-_l y=y

The matrix of direct effects of a mutant’s environment on itself is
given by Eq. (34). In turn, the block matrix of semi-total effects of
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a mutant’s environment on her states is

ox] 5XIT\]a
se; o€y
s _ | -
o€ | o
y=y 5XI 5X;&
(5eNa (561\]a y=y
5X£
—= 0 0
(561
0 0 - 0 0
oxT
N.
0 0 S
den,—1
0 0 - 0 0 B

c RNaNeXNaNs,

so Eq. (43) follows from Egs. (A62), (34), and (33c).
Using Eq. (A62), Eq. (A61) becomes

oxT, . dx!

a+1 ! forj—1>a

deq dx;iq i

de y=y

d ! =\ X1
€ a Cq
alyy G, ) forj—1=a
y=y

0 forj—1>a.

Note that the aj-th entry of (6xT/d€)(dxT/dx) is

N, T T T T
(5,@) B (5x]1 dx] B 5xa+1 dx] B dx] (A64)
aj

b€ ), [Hdeadx  deq dxq  de,’
where we use Eq. (A63) in the second equality. Hence, Eq. (46)

follows, where the block matrix of total effects of a mutant’s envi-
ronment on her states is

dx{ deT\]a
diel d€1
wa| | -
de |,_. :
y=y (1)({‘ (1)(}&3
de N, de N, y=y
ﬁ dx}\]a_1 deT\]a
de; deq de
dxf; 4 dxﬁ
0 0 a a
d€2 d€2
=|: : - : : (A65)
dx{
0 o0 Na
den, 1
0 0 e 0 0 -
y=y

c ]RNaNe X NaNg .

Egs. (46), (A63), and (44) write the matrix of total effects of a mu-
tant’s environment on her states in terms of partial derivatives.
This is a compact expression for the matrix of total effects of a
mutant’s environment on her states in terms of partial deriva-
tives only.

Conclusion

Form 1Eq. (A58) gives the total selection gradient of the envi-
ronment as in the first line of Eq. (65).

Form 2 Using Egs. (A58) and (52) yields
du| _[dTdw (3T ddT3eT) du
de |,_y ~ | de ox de de ox ) de

Collecting for dxT/de and using Eq. (40) for { = x as well as

Eq. (41), we have that the total selection gradient of the environ-
ment is given by the second line of Eq. (65).

y=y

Form 3 Using the first line of Eq. (65) and Eq. (58), we obtain the
third line of Eq. (65).

Form 4 Finally, we can rearrange total selection on the environ-
ment in terms of total selection on states. Using Eq. (46) in the
second line of Eq. (65), and then using the second line of Eq. (63),
we have that the total selection gradient of the environment is
given by the fourth line of Eq. (65).

Appendix 7: total selection gradient of the phenotype

We have that the mutant phenotype is z = (x;y). We first define
the (direct), semi-total, and total selection gradients of the phe-
notype and write the total selection gradient of the phenotype in
terms of the semi-total selection gradient of the phenotype and
of the partial selection gradient of the metaphenotype.

We have the selection gradient of the phenotype

) (2m,2m)
0z |y \0x’dy

= HR}Va(IVS%_[VC) x1

y=y
the semi-total selection gradient of the phenotype

bl _ (1w om)
oz [y \ox'dy

€ RN (Ne+Ne)x1.

y=y
and the total selection gradient of the phenotype

dw :(dﬂ.dﬁ)
dz [,_,  \dx"dy

c RNa(NsJFNc) X1

y=y

Now, we write the semi-total selection gradient of the phe-
notype as a linear combination of the selection gradients of the
phenotype and environment. Using Eq. (40) for { € {x,y}, we
have that the semi-total selection gradient of the phenotype is

sw dw 2T o0
Sw | ox | 9x = ox oe
fzlyy | ow ]| T | ow eTow
oy / ly—y dy 9y de v=y
_ ox N ox oJe (A66)
~ o | T2 aw
L \ 9y dy de y=y
Using Eq. (37), we have that
deT dw B ox | Jw | ox oe
9z 3¢ )lyy || 0T [oe]| | deTow
dy y=y dy o€/ ly_y

Therefore, Eq. (A66) becomes Eq. (40) for { = z.
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Form 2Now we bring together the total selection gradients of
states and controls to write the total selection gradient of the
phenotype as a linear transformation of the semi-total selection
gradient of the phenotype.

Using the third lines of Egs. (63) and (64), we have

dw ast 5w
dw | dx | dx éz
N s | I
dy /ly—y dy oz / ly_y
R R ey
o dzT | oz ~ \dz 6z y:}_,'
L \ dy ;

Y=y
which is the second line of Eq. (66).

Form 3 Now we use the expressions of the total selection gra-
dients of states and controls as linear transformations of the
metaphenotype to write the total selection gradient of the phe-
notype. Using the fourth lines of Egs. (63) and (64), we have

dw dmT ow
dw ] dx | dx om
dzfy_y | dw | dmT v
dy / ly—y dy om/ly_y
r /dmT
_ || dx jow|l  _ (dmTow
- dmT | om "\ dz om y:)-,'
L\ dy y=y

which is the third line of Eq. (66).

Form 1 Now, we obtain the total selection gradient of the pheno-
type as a linear combination of selection gradients of the pheno-
type and environment. Using Eq. (40) for { = z, the second line

of Eq. (66) becomes
e
y=F dz \ oz 0z 0€ y=F
We define the block matrix of total effects of a mutant’s pheno-
type on her environment as

dw
dz

(A67)

det
deT = dx € RNa(Ns+Ne) xNaNe
dz |y de?

dy -

y=y

which using Egs. (49) and (50) yields

deT | dx oz _ dx | oeT
dz |y | dz7eT dzT | 9z
dy 9z / ly_y dy y=y
_ (dr e
~ \dz oz y:y/

which is Eq. (51), where in the second equality we factorized and
in the third equality we used Eq. (55). Using this in Eq. (A67),
the first line of Eq. (66) follows.
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Appendix 8: total selection gradient of the metapheno-
type

We have that the mutant metaphenotype is m = (x;y;€). We
now define the (direct), semi-total, and total selection gradients
of the metaphenotype and write the total selection gradient of
the metaphenotype in terms of the partial selection gradient of
the metaphenotype.

We have the selection gradient of the metaphenotype

Na(Ns+Ne+Ne) x1
= GIR a( s+ Nc+ e)X,

ow (Bw. ow E)w)
y=y

= ox oy’ 2

omly_y
the semi-total selection gradient of the metaphenotype

(S, g2
y=y ox’ oy’ de

ow € RNa(Ns+N+Ne) x1

7

y=y

om
and the fotal selection gradient of the metaphenotype

e RNA(NS+NC+Ne)x1.

dw (dw. dw dw)
y=y

dm y= dx’ dy’ de

Now we use the expressions of the total selection gradients
of states, controls, and environment as linear transformations of
the metaphenotype to write the total selection gradient of the
metaphenotype. Using the fourth lines of Egs. (63) and (64) and
the third line of Eq. (65), we have

dw dmT Jw
dx “dx om
dw _ | dw | dmT 9w
dm y=y dy dy om
dw dmT Jw
de/ ly=y  \ de om/ ly-y
[ /dmT
dx
_ dmT | Jw _ (dmT ow
|| dy [ om N (H ﬁ) ‘y_y ’
dmT
L\ de y=y

which is Eq. (67).

To see that dmT/ dm|y:y is non-singular, we factorize it as
follows. We define the block matrix of direct effects of a mutant’s
metaphenotype on her metaphenotype considering environmental con-
straints without considering developmental constraints as

deT

o o5

mT T
il g g %
m ly—y dy
oeT

0 0 e

y=y
c IRNa(NSJrNCJrNe)><Na(N5+NC+Ne)
7

which is non-singular since it is square, block upper triangular,
and deT/de = I (Eq. 34). We also define the block matrix of total
effects of a mutant’s metaphenotype on her metaphenotype considering
developmental constraints but not selective environmental constraints
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as
dxT
X 0 0
pmll T
pm ly_g dy
g
T
de y=y

€ RNa (Nt NetNe) x N (Ns-+ Ne+Ne)

which is non-singular since it is square, block lower triangular,

and dxT/dx is non-singular (Eq. A32). Note that

dxT oeT
X 0 0 I 0 x
T T P
pm qm )|, || @y dy
E 0 0 0 aiT
L \ de Jde y=y
dxT dxT deT
dx dx ox
dxT dxT deT  deT
== 1 == 4=
dy dy ox oy
T, dxToel  odeT
de de ox oe / ly=y
T deT
dx dx
| de
dy dy '
dxT deT

e ¥ ae/ly

where the last equality follows from Egs. (49), (50), and (52).
Using Eq. (60), we thus have that

()
vy \pm m
Hence, dmT/dm|y—y is non-singular since fmT/pm|y—y and
ymT/ym|y—y are square and non-singular.

dmT
dm

y=y

Appendix 9: evolutionary dynamics of states

Here we derive an equation describing the evolutionary dynam-
ics of states.

From Egs. (14) and (27), we have that the evolutionary dy-
namics of controls satisfy the canonical equation

Ay dw
At =Gy — dy |, (A68)

whereas the developmental dynamics of states satisfy the devel-
opmental constraint

< o
Xg+1 = 8as

forae {1,..., N, —1}.

Let z(7) be the resident phenotype at evolutionary time
T, specifically at the point where the socio-devo stable resi-
dent is at carrying capacity, marked in Fig. 3. The i-th mu-
tant state at age j 4 1 at such evolutionary time 7 is Xijp1 =

8ii(2j(1),2(7),hi(z;(7),2(7),
the i-th resident state variable at age a € {2, ...

7)). Then, evolutionary change in
,Na}is

AX; 1 _
Alz—a — AT [gi,ul (zu,l(’r + AT),Z(T + AT),

h, 1(z,_1(T+ A7), z(T+ AT), T+ AT)>

— 8ia-1 (Zafl(T)/z(T)rhafl(Zufl(T)/i(T)rT))
4ly=y
Taking the limit as AT — 0, this becomes
dfi, _ d8ia—1(2a-1(7), 2(1), ho—1(2,-1(7), 2(7), 7))
dr dr y:}_,'

Applying the chain rule, we obtain

dx;,

dr
N agi,ﬂ—l dx]',/lfl Z agza 1 y]ﬂ 1 Z Z agza 1 dx
= 10xj,1 dt 1001 dT ax dT

Z 2 aglll 1 aerﬂ 1 dx]ll 1
10651 0xj, 1 dT

ZZZ

k=1j=1r=1

& agi,afl aer,afl
-1 8em,1 oT

08ia—1 d]//k
+Z:12 dyj dt
]

9gia-1 9€ra-1 y]a 1
+
]Zi ,; aer,afl a]/],ufl

j=1r=1

agza 1 aera ldx
0€r 41 axk dr

Ne aglﬂ 1a€ru 1dy]k
+ Z Z Z aé‘r,a,1 Byk drt

k=1j=1r=1

y=y

Applying matrix calculus notation (Appendix 14), this is

dfia
dr
agi,afl dx,_q agi,afl dYafl N agi,ufl dxy
T + T + 2 T dt
ox)_, dt dy, , dt = ox, dt

Z gza 1 dYk Zsl agi,afl 0€;_1 dxjrﬂ—l
II dr = del_; 9xj, 1 dt

ZC: 98i,a—1 9€4_1 dyf/”_l

Z Z 08ia—1 0€4_1 Clx]k
o€l | IWj,1 dt

1 0e]_, o%p dt

0giq—1 0€,_1
de] | ot

j:1

08ia—1 0€5_1 dy]k
+ Z Z +
== oe! iy dt

y=y
Applying matrix calculus notation again yields

dx;,

dr

9gia—1 dxs_1
E)x;'_1 dt

98i,a—1dya—1 | 98ia—1dX  98ia—1 dy
ayl , dt oxT dt  o9yT drt

08i,a—1 0€,-1 dX, 1
de] , oxI_, dt

98ia—10€,_1 dy, 1
36371 3y;71 dt

08i,a—1 0€,-1 dX
de] , oxT dt

08i,a—1 0€,-1 ﬁ 08i,a-1 9€4-1
de]_, oyT dt o] , ot
y
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Factorizing, we have

d.’fl‘u
dr

|: (agif—l i
ox, 4

09 1
+ gl:? 1 I
ayr:tfl

98ia—1
+< xT del | oxT

+ <agi,_u1 + agi,ufl aeal) ﬂ + agi,afl Je,_1 :|
oyT

del | oyT ) dtr  oel , ot
Rewriting g; ;1 as x;, yields

08i,a—10€;-1 | dx;_1
oel_; ox!_, dt

agi,ufl d€,_1 dy,—1
oe! | oyl | dt

98i,a—10€,-1 | dx
drt

dx;, .

drt

axm
[ (a"ll !

+ af“ +
ayafl

0Xi; 0€;-1 | dxg—1
oe]_, ox]_, dr

axiu aeufl dYufl
oe] oyl | dt

dxj, 0x;; de,_1\ dx
+ <8>‘(T + de] | oxT | dt
+ axiu + axia aeafl ﬂ axia aeafl
oyT  oel ; dyT Jdr oe] ; Ot i

Y=y

Hence, for all resident states atage a € {2,..., N, }, we have
dx ox
e [ ( Tt

T ox,_4

n X, L
a1

axa aea,1 dxa,1
oe! ox] | dt

0%, 0d€;-1 \ dys—1
o€l oyl ) dt

X, ox, O0€,_ 1\ dx
+ <8>'<T + de! |, oxT | dt
n ax, " ox; O€,_1 @ ox; O€,_1
ayT el , 9yT ) dt Qe , ot .
y=y
(A69)

Here we used the following series of definitions. The matrix
of direct effects of social partner’s states at age a on the mutant’s states
at age j is

axlj ast]'
ax}' a%lu a’?lu NN
_— = c HR s X Ns
E))(ﬂ ) . .
y=y axlj ast]‘
BJENS[, BJ?NS[, y=y

and the block matrix of direct effects of social partners” states
on a mutant’s states is given by Eq. (35) with { = x. The matrix
9x] /9% is the a-th block column of 9xT /9x.
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Similarly, the matrix of direct effects of social partners’ controls
at age a on a mutant’s states at age j is

axlj axNS]-
aXT ayla 3]71a
= o= i € RN,
aYa o
y=y axl]' 8xNS]»
ay_Nca a];Ncu y=¥

and the block matrix of direct effects of social partners’ controls
on a mutant’s states is given by Eq. (35) with { = y. The matrix
9xj /9y is the a-th block column of 9xT /dy.

In turn, the matrix of direct effects of social partners’ states at age
a on a mutant’s environment at age j is

aelj a(-:Nej
ae}‘ af.la aj:lﬂ NN
- E N ... N 6 R e>< 5/
E)’(a ) . .
Y=y aelj aech
E)stu astu y=y

and the block matrix of direct effects of social partners’ states
on a mutant’s environment is given by Eq. (36) with { = x. The
matrix de] /9% is the a-th block column of deT /9x.

Similarly, the matrix of direct effects of social partners’ controls
at age a on a mutant’s environment at age j is

aelj aeNej
ae"r ayla ayla
% = : K . : e I[{Ne x NC 7
aYa - . .
y=y 861]' BeNe]-
acha ay_Nca y=y

and the block matrix of direct effects of social partners” controls on a
mutant’s environment is given by Eq. (36) with = y. The matrix
de} /9y is the a-th block column of deT /9y.

Having made these definitions explicit, we now write
Eq. (A69) as

% _ ( 0x, dx,_q oxg dy,—1
dt ox) | dt syl , dt
ox, dx | Ox, dy OX, 0€,_1
X CY A7
oxTdr  dyTdr el | ot o (A70)
y=y

where we used the transpose of the semi-total effects of a mu-
tant’s states and controls on her states (Eqs. A27 and A47), and
the the matrix of semi-total effects of social partners’ states or controls
at age a on a mutant’s states at age j

ox]  oel | oxf
L +—L ] forj>1
=9\ 9% deia )| o (A71)
y=y 0 forj=1,

T
(5xj

T

for { € {x,¥} since the initial states x; are constant by assump-
tion. We also define the corresponding matrix of semi-total effects
of social partners’ states on a mutant’s states as

o) Oxy,
6C4 6C4
sal |
6_ __ .
4 y=y (SXI JXLa
8N, 5N, y=¢
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0l 601
o 4. X
= 601 601 p (A72)
5x£ (5X}\]a
T m .

sws  for { € {x,¥}. The matrix §x} /5 is the a-th block column of
sir 6xT /6. Using Eq. (33¢) and since the initial states x; are constant
sis by assumption, we have that

del . oax!
deTaxT [ Na del X[\ aé: ! a:f forj > 1
o o \ /= 3L, dey o THt . ’
forj=1
(A73)

soo  for { € {x,¥}, which equals the rightmost terms in Egs. (A71).
sino Thus, from Eqgs. (A71), (A72), and (A73), it follows that the block
s matrix of semi-total effects of social partners’ states or controls
sz on a mutant’s states satisfies Eq. (42).

3113 Noting that 6x,/0zT = (8x,/0XT,0x,/0yT) and that evalu-
ans  ation of dz,/dt and de,/dT aty = y is dz,/dt and 0d€,/dT
ans  respectively, Eq. (A70) can be written as

@ _ (qu d)_(a,1
dr  \oxI , dt

0x; dy,_1
syl , dt

ox, dz Ox; 0, 1
toardr sel | ot

anne  which is a recursion for dX, /dt over a. Expanding this recursion
a7 two steps yields

7

y=y

ﬁ _ OXg | 0%g—1  OXg2dXs3 | 0Xg2dy, 3
dr 5x;_1 (5x;72 (5x;73 dt §y;73 dt
+ Oxg—2 g 0xa—2 aéa—S)
ozT dt = el , ot
Oxg-1dys2 | OXz1 % 0x;1 0&q_2
byl , dt ozT dt = el , ot
oxg dy,—1  0x, dz X,

aéafl }
_%
se] | ot
ans  Collecting the derivatives with respect to T yields

drt
OXg 0Xg_1 0Xg—n \ dX,_3
oxT oxT ,oxI 5 ) dt

0Xg 0Xg—1 0Xg—p \ d¥,—3
5";—1 0% 50y, 3) dt

syl , dt ' ozTdr

+ Xg 0xa-1 )\ dy,—2 0xa dy, 1
5",1 10yl ) dt syl , dt

i 0Xg 0X4_1 0X4_o \ 0€,_3
X, 0%, 5 0€; 5 | 9T

I OXg O0Xy_1 aéa,2+ OX, 0€,_1
oxI el , ] ot sel | ot
0Xg 0X5_1 0%z 2 ' 5xa_1+(5ﬁ ﬁ
ox)_ oxT_, ozt ox]_, ozT 0z7 | dt

y=y
Inspection shows that by expanding the recursion completely
and since we assume that initial states do not evolve (i.e.,
dx; /dt = 0), the resulting expression can be succinctly written
as

)
dX. _ (T %1 X1 dY;
drt oxj by dt

j=1k=j+1

J‘\

T 1 X %€

oxI  seT ot
k e]

j=1k= ]+1
(5Xk+1 (Sx]Jrl dl)
+ Z H ,
s el (5xk 0zT dt gy

where the . denotes left multiplication. Note that the products
over k are the transpose of the total effects of a mutant’s states at
age j + 1 on her states at age a (Eq. A33). Hence,

dx, _ <a21 dx, (5x]'+1 d}_l] +ﬂi1 dx, (5Xj+1 aéj
T T T T
dt dx]Jrl (5yj dt = dijrl (Se]. ot
a—1 . 5
dx, oxjiy1d
)
) dxj+1 Z T

(A74)

y=y

Before simplifying Eq. (A74), we introduce a series of ma-
trices that are analogous to those already provided, based on
Eq. (A55). The matrix of total effects of social partners’ states or
controls at age a on a mutant’s states at age j is

(5xl dx! ] .
E forj>1
= 6, dx; y=y (A75)

0 forj=1,

T
dx].

dfa y=y

for { € {x,¥}. The block matrix of total effects of social partners’
states or controls on a mutant’s states is thus

dq o dx,
df dz
R
7l =
& ly=y dx] dx,
dgn, dgn, y=¥
o A
dgy dgy
o A
= dZ, di, , (A76)
o &9 Iy
dCNa dgNa y=y

for { € {x,y}. Then, from Eq. (A75), the block matrix in
Eq. (A76) satisfies Eq. (47).

Prepared for GENETICS 45

3119

3120

3121

3122

3123

3124

3125

3126

3127

3128

3129

3130

3131

3132

3133


https://doi.org/10.1101/2021.05.17.444499
http://creativecommons.org/licenses/by-nc-nd/4.0/

3134

3135

3136

3137

3138

3139

3140

3141

3142

3143

3144

3145

3146

3147

3148

3149

3150

bioRxiv preprint doi: https://doi.org/10.1101/2021.05.17.444499; this version posted May 19, 2021. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

Using Egs. (A55) and (A64) and given the property of trans-
pose of a product (i.e., (AB)T = BTAT), Eq. (A74) can be written
more succinctly as

dx, <ﬂzl dx, dy; 4=t dx, 0€;

- = -7 _F — 7
T E T

drt = dyj dr = de]- oT

= clx]T+1 6z7 drt

y=y

Note that from Eq. (A54), we have that dx,;/ dy]T =0forj>a,
from Eq. (A65), we have that dx,/ de].T = 0 for j > a, and from
Eq. (A32), we have that dx,; / dx]T_H = 0for j+1 > a. Hence, the

same expression holds extending the upper bounds of the sums
to the last possible age:

dz, _ %dx?dy,+§dxig
dt dy dt = de]- T

+Na71 dxu 5X}‘+1 di)
= dx].TJrl 0zT dt

y=y

Changing the sum index for the last terms yields

d%; _ ZNA dxi dy; % dxi %8 Z”a dx? b dz
drt ~ dyl dt = de! ot & dx! ézTdr
j=1 7Y =177 =27 y=y

Expanding the matrix calculus notation for the entries of Z in the
rightmost term yields

dx dx, dy; Ya dx, 9€;
ro (Lt

y j=1 9€;
+%dx”ﬁﬂ
= dxT oyT dt

Expanding again the matrix calculus notation for the entries of x
and ¥ in the two rightmost terms yields

Za dx, 15x]- dx
: T 6xT dt
= dx] oXT dt

y=y

T jldy dr .:1dev T
dxa5x]dxl

+ Zijzz de 6x] dt

2 2 dx, 0%; dy;
e Ly dd gy dt )|
- y=y

Using the transpose of the matrix in Eq. (A75) in the two right-
most terms, noting that éx;/6%] = 0 and 6x;/6y] = 0for j =1
(from Eq. A72), yields

g ﬁi o/
dr = 1dy dr = de]. ot

dx, dx;
+ Z dx/ dt

Za dx, dy]
clyT dt

y=y
Applying matrix calculus notation to each term yields

X _ (dxa dy % dy
dr = \dyTdrt dyT dt .

dx, 08
deT o1

dxg dx
dxT dt
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fora € {2,...,N,}. Since dx; /dt = 0, it follows that
dx _ (dxdy | dxde  dxdx | dcdy)| o
dr ~ \dyTdr ' deTar dxTdr ' dyTdr y

which contains our desired dx/dt on both sides of the equation.

The matrix premultiplying dx/dt on the right-hand side of
Eq. (A77) is dx/dxT |y—y, which is square. We now make use of
our assumption that the absolute value of all the eigenvalues of
dx/dxT|y—y is strictly less than one, which guarantees that the
resident phenotype is socio-devo stable (Appendix 15). Given
this property of dx/dxT|y—y, then I — dx/dXT|y=y is invertible.
Hence, we can define the transpose of the matrix of stabilized
effects of a focal individual” states on a social partners’ states (second
equality of Eq. 68). Thus, solving for dx/dt in Eq. (A77), we
finally obtain an equation describing the evolutionary dynamics

of states

dx _ s fdx | odx ) dy

dr = |sxT \dyT = dy7/ dr

Let us momentarily write x = g(y, §) for some differentiable

function g to highlight the dependence of a mutant’s states x on
her controls y and on the controls y of resident social partners.
Consider the resident states that develop in the context of mutant
controls, denoted by x = g(¥,y). Hence,

dx | dg(yy)| _ d&(yv.y)
dyT y=y dyT y=y dyT

sx dx 0e
sXT deT ot

y=y

_dx
g dyT

(A78)

y=

where the second equality follows by exchanging dummy vari-
ables. Then, the transpose of the matrix of total social effects of a
mutant’s controls on her and a partner’s states is

dix+%) :G5+§J
y=y dy? =~ dy™ /) ly—y

dyT _
_ [ dx dx NNy xNoNe
(g s oo

Similarly, let us momentarily write x = g(x, ) for some differen-
tiable function § to highlight the dependence of a mutant’s states
x on her (developmentally earlier) states x and on the states x
of resident social partners. Consider the resident states that de-
velop in the context of mutant states, denoted by x = g(x, x).
Hence,

dx
dxT

dx

e
y-y dX

_ dg(xx)

o T
y=y dx

_ dg(xx)

o xT
y=y dx

. (A80)

y=y

where the second equality follows by exchanging dummy vari-
ables. Then, the transpose of the matrix of total social effects of a
mutant’s states on her and a partner’s states is

-(&8)
y=y dxT - dxT /]y
()
dxT  dxT y
Thus, from Eq. (A80) and the second equality of Eq. (68), the

transpose of the matrix of stabilized effects of a focal individual’s
states on social partners’ states may also be written as

-1
I RS
SXT ly=y dxT y=y

d(x+x)
dxT

e RNaNsxNoNs

(A81)
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c ]RNaNs XNaNSI

where the last equality follows from the geometric series of
matrices. This equation is the first and third equalities of (68).

Therefore, using Egs. (69) and (69b), the evolutionary dynam-
ics of states are given by

dx _ (sx dx+X)dy , sx dx oe

dr  \sxT dyT dr sxTdeTar/|,_.
_ (X, dw, x o€
~\syT Ydy seTot/|

:(nyd—wjts—’;g—e)' : (A82)
y seTot/|

where the second equality follows by using Eq. (A68) in the limit
AT — 0, and the third equality follows from Eq. (87). The first
line of Eq. A82 describing evolutionary change of states in terms
of evolutionary change of controls is a generalization of previous
equations describing the evolution of a multivariate phenotype
in terms of allele frequency change (e.g., the first equation on
p- 49 of Engen and Seether 2021). Eq. (A82) is Eq. (92) for { = x.
Using the third line of Eq. (64) and Eq. (85) yields Eq. (91) for
{ = x, whereas using the fourth line of Eq. (64) and Eq. (86)
yields Eq. (88a) for { = x.

Appendix 10: evolutionary dynamics of the phenotype

In terms of total genetic selection

Here we obtain an equation describing the evolutionary dynam-
ics of the resident phenotype, that is, dz/dt. In this section, we
write such an equation in terms of the total genetic selection.
Since dz/dt = (dx/dt;dy/d7), from Eqs. (A82) and (14a), we
can write the evolutionary dynamics of the resident phenotype

Z as
SX B
Moy dw () 2|
Gy dy 0 ot )
y=y

Using Egs. (87) and (70), this is

dz
dr

(A83)

dz || sy dw | seT | 0&
ar || [ Fa T sy o
SEIT seT y=y

Using Eq. (72), this reduces to

dz [ sz dw sz Je
- (royres)
Using Eq. (87) yields Eq. (92) for { = z. Using the third line of
Eq. (64) and Eq. (85) yields Eq. (91) for { = z, whereas using the
fourth line of Eq. (64) and (86) yields Eq. (88a) for { = z.

In contrast to other arrangements, the premultiplying matrix
H_y is non-singular if Gy is non-singular. Indeed, if

y=y

SZ
2=
5Y' ly=y

|
S

for some vector r, then from Egs. (72a) and (70b) we have
sx
syT

I

r=0.

y=y
Doing the multiplication yields
SX
— r
sy y=y =0,
r

which implies that r = 0, s0 sz/syT |y=y is non-singular. Thus,
H_y is non-singular if Gy is non-singular.

In terms of total selection on the phenotype
Here we write the evolutionary dynamics of the phenotype in
terms of the total selection gradient of the phenotype.

First, using Eq. (77), we define the additive genetic covariance
matrix of the undeveloped phenotype 2 = (X;y) as

dz dzT
G; = cov|ag, az] = (7 y—>
dyT 7 dy /ly—y
€ RNe(No+No) < Ny (Ns+Ne)
By definition of Z, we have
ax
dyT dxT dyT
R O (& &)
dyT y=y

From Eq. (2), resident states are independent of mutant controls,

e

Doing the matrix multiplication yields

e, Ce)

The matrix G; is singular because the undeveloped pheno-
type includes controls (i.e., d2T/dy|y=y has fewer rows than
columns). For this reason, the matrix G; would still be singular
even if the zero block entries in Eq. (A84) were non-zero (i.e., if
dxT/dyly=y # 0).

Now, we write an alternative factorization of H, in terms of
G;. Using Egs. (55) and (73), consider the matrix

G; =

y=y

G; = (A84)

2ot
sz z )l|y—y
sX  sx dxT 0
o sy (o 0) ax
;
o 1) \0 G [,
dy y=y
Doing the matrix multiplication yields
sX  sx
sz _ dzT sxT  syT 0 0
)|, T
y=y o 1 )\%gq © )
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SX dxT SX

syt P dy sy Y
B dxT
- G
y y
dy y=y
Using Eq. (70b), we have
sx . dxT dyT
ovT Y dv (;)’
VLIRS 1 ay
s2T 0 dz Jlyy | sy o X sy o dyT
syT Ydy sy’ 7 dy g

y=y

Notice that the matrix on the right-hand side is

:
sz g, 92
syt 7 dy /ly—y

Hence, we obtain an alternative factorization for H, as

dzT
H, = ( szT Gz dz )
Thus, we can write the selection response of the phenotype
(in the form of Eq. 91) as
dzT dw
Gz dz 0z ) I -y

7 \szT
y=y (SZ

Using the relationship between the total and semi-total selection
gradients of the phenotype (second line of Eq. 66), this becomes

d
_ ( 26, dw)
y=y sz z

We can further simplify this equation by noticing the following.
Using Eq. (84) and 2 = (x;y), we have that the additive socio-
genetic cross-covariance matrix of the phenotype and the undeveloped
phenotype is

daT Na(Ne+Ne) x Na (Ne+Ne).
(SyT Gy gy ) ‘ €R (A85)

= H,.

y=y

ow

HZE

ow

I{ -
Z bz

y=y

Hy; =

Expanding, we have

sx
syT dxT dyT
sy dy dy

syT y=y

Hzi

Using Eq. (70b) and since resident states do not depend on mu-
tant controls, then

sX
T
H, = 5y Gy <0 I)
I -
y=y
Doing the matrix multiplication yields
X sx
T T Y
Hao= || (0 6)|| =]
I 0 Gy )

y=y y=y

Notice that the last matrix equals
sz
(7o)l
szT y=y
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We can then write the evolutionary dynamics of the resident
phenotype z in terms of the total selection gradient of the phe-

notype as
4520
seT o1 y:y'

The cross-covariance matrix Hy; is singular because d27/dy|y=y
has fewer rows than columns since the undeveloped phenotype
includes controls. For this reason, Hz; would still be singular
even if the zero block entries in Eq. (A85) were non-zero (i.e., if
dxT/dyly=y # 0). Then, evolutionary equilibria of the pheno-
type do not imply absence of total selection on the phenotype,
even if exogenous plastic response is absent.

(A86)

d_ (1 do
dr % dz

Appendix 11: evolutionary dynamics of the environment

In terms of endogenous and exogenous environmental
change

Here we derive an equation describing the evolutionary dynam-
ics of the environment. Let Z(T) be the resident phenotype at
evolutionary time 7, specifically at the point where the socio-
devo stable resident is at carrying capacity, marked in Fig. 3. The
i-th environmental variable experienced by a mutant of age a at
such evolutionary time 7 is €;, = h;,(24(7),Z(7), T)). Then, evo-
lutionary change in the i-th environmental variable experienced
by residents at age a is

Aégj, _ i
AT AT

hig (za(T + AT),Z2(T + AT), T+ AT)

= hai (24(7), 2(7), T)

y=y
Taking the limit as At — 0, this becomes
deiu _ dhig(za(7),2(7), )
drt drt y=y

Applying the chain rule, we obtain

dej, ohi, dxjg Do g y]u Ohiy dXji
dr (Z 9xj, dT Z By I;)]Z ax]k d’['
% % oh;, ]/]k ahm
ay]k dT _
y=y
Applying matrix calculus notation, this is
i dys | & Ohyy d%y

dej, (ah,-a dx,

dr — \ox] dr ' ay] dt kgoax,jﬁ

N Bh, dyy

+)

Sk ohig
oyl dt - 9t

Applying matrix calculus notation again yields

y=y

déi, _ (ohi, % ohig % ohig g ohig ﬂ
dt  \ox] dt 9yl dt = oxTdr 9dyTdr
+ aahiu )
T/ ly=y
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Rewriting h;, as €;,, we obtain

dé;;, _ (deig ﬁ d€ip dy. | O€j % d€ig ﬂ
dt  \ox] dt 9yl dt = 9xTdr 9yTdr
+ aai"“)
T/ ly=y

Hence, for all environmental variables at age a, we have

de, _ (deadx dea dy , deq
dr  \ox] dr oyTdr ' ot

9€, dx
oxT dt

€. dya
dy) dt

-
Note that evaluation of dz,/dt and de,; /dT aty = yis dz,/dt
and 0é, /97, respectively. Using Egs. (33d) and (33d) yields
des dx _ g5 96, 0% _ de, diy
XTdt — Hoxf dr  oxj dT
dy _ 3% de, %) _ de, dy,
dyrdr Hoyl dr  oy; dr’

oe, dy

Then, we have

de; _ (9 dx
drt oxT dt

deq dx
oxT dt

deq dy
JdyT dt

de, dy | d&
oyTdr ot

y=y
Now note that de, /9zT = (de,/9IxT,de,/dyT), so

de, (aea dz | de, dz aéa)

dr ~ \0zTdr ' 9zTdr = ot

y=y

Hence, for all environmental variables over all ages, we have

de (e dz dedz o
dr  \9zTdr o0zTdr 9t y=y
(e vear o
|\ozT  0zT ) dr ot y=y

where we use Eq. (37) and the block matrix of direct effects of
social partners’ phenotype on a mutant’s environment (Eq. 38;
see also Eq. 36).

Let us momentarily write € = h(z,z) for some differentiable
function h to highlight the dependence of a mutant’s environ-
ment € on her phenotype z and on the phenotype X of resident
social partners. Consider the environment a resident experiences
when she is in the context of mutants, denoted by é = h(z,z).
Hence,

%
0zT y=

de

B oh(z,z) _ 0e
y=y 02T

o T
v Jz

_ 0oh(z,2)

~ - AAAAif?AAA
y=y oz

. (A87)

y=y

where the second equality follows by exchanging dummy vari-
ables. Then, the transpose of the matrix of direct social effects of a
mutant’s phenotype on her and a partner’s environment is

det+é)) (aiﬂj) - (Eﬁ:)
0zT y=y d0zT ~ 0zT y=y 0zT = 0zT y=y
c ]RNaNeXNa(NpLNc)' (A88)

Similarly, the transpose of the matrix of direct social effects of a
mutant’s states on her and a partner’s environment is

de 9N _ (o oe
o \oxT  oxT y:y_ oxT = oxT

d(e +¢€) B
y=¥

oxT

y=y

€ RNoNexNaNs, (A89)

and the transpose of the matrix of direct social effects of a mutant’s
controls on her and a partner’s environment is

_(Leﬁi) _(aiﬁi)
=y \OYT 9y /ly—y Oy 03T

c IRNaNeXNaNc.
Consequently, the evolutionary dynamics of the environment
are given by Eq. (97).

d(e+¢&)
oyT

y=y
(A90)

In terms of total genetic selection

Using the expression for the evolutionary dynamics of the phe-
notype (Eq. 92 for { = z) in that for the environment (Eq. 97)
yields

de [d(e+é) dw sz de Je
ar = [Tﬂ (HZYTy i S?TE) * ﬂ
Using Eq. (87) for { = z yields

de+é) (sz  dw
ozT syT Y dy

y=y

de _ L sz oe | oe
dr seT oT oT

Collecting for de /01 and using Eq. (71) yields

de (se  dw 4 56 Jde
SeT IT y=y

o sy &ray
Using Eq. (87) yields Eq. (92) for { = €. Using the third line of
Eq. (64) and Eq. (85) yields Eq. (91) for { = €, whereas using the
fourth line of Eq. (64) and Eq. (86) yields Eq. (88a) for { = e.

y=y

Appendix 12: evolutionary dynamics of the metapheno-
type

In terms of total genetic selection

Here we obtain an equation describing the evolutionary dynam-
ics of the resident metaphenotype, that is, dm/dt. In this sec-
tion, we write such an equation in terms of total genetic selection.
Since dm/dt = (dx/dt;dy/dt;dé/dT), from Egs. (A82), (14a),
and (92) for { = €, we can write the evolutionary dynamics of
the resident metaphenotype m as

H E3
- Xy seT -
dm dw 0é
= - — A91
ar Gy oy t| 0 |ar (A91)
s€
HEY ceT -
seT y=¥
Using Egs. (84) and (70), this is
E3 X
syT seT
dm sy dw sy | o0&
= =L | Go— 2y =
ar syT | “Vay T ser | ot
s se
sy seT y=y
Using Eq. (74), this reduces to
dm _ (sm o dw  smoe
dt — \syT Ydy seTdt/|,
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Using Eq. (87) yields Eq. (92) for { = m.. Using the third line of
Eq. (64) and Eq. (85) yields Eq. (91) for { = m, whereas using

the fourth line of Eq. (64) and Eq. (86) yields Eq. (88a) for { = m.

In contrast to other arrangements, the premultiplying matrix
Hmy is non-singular if Gy is non-singular. Indeed, if

sm

f— r=20
YT ly=y

for some vector r, then from Egs. (74a) and (70b) we have

sx
sy

1 r=20.
S€

YT/ ly=y

Doing the multiplication yields

SX
syT

y=y
r =0,
s€
o

y=y

which implies that r = 0, so sm/syT |y:y is non-singular. Thus,
Hmy is non-singular if Gy is non-singular.

In terms of total selection on the metaphenotype

Here we write the evolutionary dynamics of the metaphenotype

in terms of the total selection gradient of the metaphenotype.
First, using Eq. (77), we define the additive genetic covariance

matrix of the undeveloped metaphenotype th = (X;y; €) as

dmv  dmT
G = cov]am, ap| = (d—yTGyW)

€ RNa(Ns+Ne-Ne) x Na (Ns+Ne+Ne )

y=y

By definition of i, we have
.
dyT

dy | g (@ dy” E)

dyT | Y\dy dy dy

de

@ _

From Egs. (2) and (1), resident states and environment are inde-
pendent of mutant controls, so

0
Gn=||1]|Gy (0 I 0)

0 -

y=y
Doing the matrix multiplication yields
0 0 0 0
Ga=|[1]{(0 G o) =]o0o G o @9

0 0o 0 O

50 Gonzalez-Forero & Gardner

The matrix Gy, is singular because the undeveloped metaphe-
notype includes controls (i.e., diT/dy|y—y has fewer rows than
columns). For this reason, the matrix Gz would still be singular
even if the zero block entries in Eq. (A92) were non-zero (i.e., if
dxT/dy|y=y # 0 and d&T/dy|y=y # 0).

Now, we write an alternative factorization of Hy, in terms of
G- Using Egs. (60) and (75), we have

3338

3339

3340

3341

3342

3343

3344

SX  SX  sX
sxT  syT seT 0 0 0
sm dmT
(e = 0 I 0 0 Gy O
smT dm y=y y
se s se|\0 0 0
sxT  syT seT
T det
dx dx
o deT
dy dy
dxT 0 deT
de de y=y
Doing the matrix multiplication yields aa4s
()
sm m /|
/X s
sxT  syT seT 0 0 0
dxT deT
= 0 I 0 G.— G =
y dy y y dy
se  se se
L \sxT  syT seT 0 0 0 y=y
X, DT sx o sx o deT
sym Y dy syT Y syT 7V dy
dxT deT
= Y dy Gy Y dy
s€ g X s se o deT
syT Ydy syT 7 syT Vdy /|
Using Eq. (70b), we have 3346
()
sm m /| _g
X G, T sx o dyT o sx o deT
syT Y dy syT Y dy syT Vdy
dxT dyT deT
_ | g, T sy g T sy g deT
syT ~dy syT ~dy sy? 7dy
se g X se o dyT - se o deT
syT Ydy syT 7dy syT Ydy/l,y
Notice that the matrix on the right-hand side is 3847
sm __ dmT
Gy = Hp.
syt 7 dy Jly—y
Hence, we obtain an alternative factorization for Hy, as 3348
sm dmT
Hn= (—Gn——
m (smT G dm) -

y=y
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We can now write the selection response of the metapheno-
type (in the form of Eq. 88a) as

Jw

Ho 50

y=y

_ (sm dm'ow
y:}-,_ smT " dm om

Using the relationship between the total and partial selection
gradients of the metaphenotype (Eq. 67), this becomes

_ ( ™ G ? )
y=y sm m
We can further simplify this equation by noticing the follow-
ing. Using Eq. (84) and th = (X;y; €), we have that the additive

socio-genetic cross-covariance matrix of the metaphenotype and the
undeveloped metaphenotype is

U
sm g dm
syt 7 dy Jly—y

€ RNa(Ns+Ne+Ne) X Ny (NoF+Ne+Ne)

ow

}I -
M 9m

y=y

(A93)

Hnm =

Expanding, we have

sX
syT

sy dxT dyT déT

syT [ (Ty dy ny)

s€e

syT y=y

Using Eq. (70b) and since resident states and environment do
not depend on mutant controls, then

s ]
syT
Hun= || I |Gy (o I 0)
se
sy’ < ly=y
Doing the matrix multiplication yields
- s -
syT
Hmm = I (0 Gy 0)
se.
LAsyT *ly=y
sX
= (0 Gy 0
0 <G, 0
syT -

Notice that the last matrix equals

(&),

Thus,

We can then write the evolutionary dynamics of the resident
metaphenotype m in terms of the total selection gradient of the

metaphenotype as
4 sm 0&
se€T IT y:}_,'

dm dw

I (Hma
The cross-covariance matrix Hpyg is singular because
dT/dy|y—y has fewer rows than columns since the undevel-
oped metaphenotype includes controls. For this reason, Hpuy
would still be singular even if the zero block entries in Eq. (A93)
were non-zero (i.e., if dXT/dy|y—y # 0 and d&T/dy|y—y # 0).
Then, evolutionary equilibria of the metaphenotype do not
imply absence of total selection on the metaphenotype, even if
exogenous plastic response is absent.

(A94)

Appendix 13: connection to dynamic optimization

Life-history models often consider traits that depend on an un-
derlying variable (e.g., age) together with developmental (or
dynamic) constraints. When such a model is simple enough,
analytical solution (i.e., identification of evolutionarily stable
strategies) is possible using optimal control or dynamic program-
ming methods (Sydseeter et al. 2008). A key tool from optimal
control theory that enables finding such analytical solutions
(i.e., optimal controls) is Pontryagin’s maximum principle. The
maximum principle is a theorem that essentially transforms the
dynamic optimization problem into a simpler problem of max-
imizing a function called the Hamiltonian, which depends on
control, state, and costate (or adjoint) variables. The problem is
then to maximize the Hamiltonian with respect to the controls,
while state and costate variables can be found from associated
dynamic equations. We now show that our results recover the
maximization of the Hamiltonian.

First, we identify what the costate variables are and show
that they are proportional to the total selection gradient of states,
for which we have obtained general formulas, provided that the
problem is a standard life-history model of Ry maximization. Let
us write Ry(z, z) for the expected lifetime number of offspring of
a mutant with phenotype z = (x;y) in the context of a resident
with phenotype z = (X;¥). Let z* = (x*; y*) be such that

y* € argmax Ry (z,z"),
y

subject to the dynamic constraint (8)
Xg+1 = 8a (ler Z,h, (Zu/ z, T))

Such z* is a best response to itself under the best response func-
tion Ry, where y* is an optimal control and x* is its associated
optimal state. From Eq. (92) for { = z and Eq. (29b), it follows
that if there is no exogenous environmental change, then such z*
is an admissible locally stable evolutionary equilibrium. More-
over, the costate for the i-th state variable at age a is defined
as

ky, =

(A95)

dx;, z=7=27*

(section 9.6 of Sydseeter et al. 2008). Hence, from Eq. (29b), we

have that the costate for the i-th state variable at age a is

dw
dx,-a

kxiﬂ = ]"

(A96)

z=Z=z*
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That is, costate variables are proportional to the total selection
gradient of state variables at an admissible evolutionary equilib-
rium z*. The total selection gradient of states thus generalizes
the costate notion to outside of evolutionary equilibrium for
the life-history problem of Ry maximization. The fifth line of
Eq. (64) shows how such generalized costates affect the evolu-
tionary process, namely, indirectly by being transformed by the
semi-total effects of controls on states, dxT/Jy. Additionally,
we have obtained various equations (63) that enable calculation
of such generalized costates in age structured models with Ry
maximization.

Second, we show that the total selection gradient of controls is
proportional to the semi-total effects of controls on the Hamilto-
nian when both are evaluated at optimal controls. We have that
the total selection gradient of controls can be written in terms of
the total selection gradients of states (fifth line of Eq. 64), so for
the controls at age 2 we have

_(M@+@)
v Oya dx = dya ) |y—y

L (3R o
Oy, dx OYa y=y

dw
dy, y=

Using Eq. (29) yields

dw
dyaly—y

From Egs. (A48) and (28) given that the semi-total derivative
only considers the environmental constraint (9) but ignores the
developmental constraint (8), it follows that

dw _ 1 5x;+1 dRg d(Lafa)
dya y=y Oya dxzp1 0ya y=7
Using Eqgs. (A95) and (8) yields
T
duw -1 (%, 4 e N
dyaly—y—y: T \0Ya 0Ya ) ly—y—y

This suggests to define

H, = g;kxnﬂ + lefﬂ/

which recovers the Hamiltonian of Pontryagin’s maximum prin-
ciple in discrete time (section 12.5 of Sydsaeter et al. 2008). Then,
the total selection gradient of controls at a given age is propor-
tional to the semi-total effects of such controls on the Hamilto-
nian when both gradients are evaluated at optimal controls:

dizu _ 1 4H,

=_ =0.
dyaly—g—y- T dya

y=y=y"

Appendix 14: matrix calculus notation

For vectors a € R”*! and b € R"*1 we denote

om - dag
by b,
E _ : .. : c Rxm
obT - S ’
9u . O
ob; by,

0 (9a/dbT)T = daT /db.

52 Gonzalez-Forero & Gardner

Appendix 15: matrix of socio-devo stability

To see why the matrix

dx

dxT{y_y
is sufficient to determine socio-devo stability, consider the fol-
lowing. Let (0 + 1) = g(x(#)) denote the solution of iterating
Eq. (4) over a, where we highlight only the argument corre-
sponding to the states of social partners. An equilibrium x**

of the socio-devo stabilization dynamics satisfies X** = g(x**).

Taylor-expanding x(6 + 1) to first-order around x**, we have

- ok ﬁ < _ gkk < _og¥x((2

X(0+1) =g(x™") + - (x(6) ) +O([[x(0) = x™|I%),
dAXT |4 g

where the operator d/dxT takes the total derivative to take into
account developmental and environmental constraints. Noting
that dg/dxT[;_g.. = dx/dxT|;_; since the resident is a socio-
devo equilibrium, we have that a perturbation from a socio-devo
equilibrium is approximately

dx

x(0+1) —g(x7) & oo (X(6) —x),

y=y

which asymptotically converges to 0 (i.e., X**
all the eigenvalues of the matrix

is locally stable) if

dx
dxT

y=y

have absolute value strictly less than one.

Appendix 16: Total and semi-total derivatives

Consider a function f(a,b,c) € R where the vectors b € R"*!
and ¢ € R™*! satisfy the (equality) constraints

b =d(a)
c=e(a),

for some differentiable functions d(a) € R"*! and e(a) € R™*1.
From the chain rule, the total derivative of f(a,b, ¢) with respect
toais

df _ df(a,d(a)e(a)) _ of | fii iww
da da E)a ob; da 7 dc; da
of  9f db  of de
=9 " 9bTda 9T da’

We call the semi-total derivative of f(a,b, ¢) with respect to 4,
considering the constraints on b without considering the con-
straints on ¢, the quantity

of _df(ad(a),c) of  of db
sa da T 9a  obTda

We use “derivative-like” notation like this one for various differ-
ential operators, motivated by some analogous use by Caswell
(2019) (his Egs. 1.2 and 2.21, which he based on a suggestion by
Samuelson 1947).
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Appendix 17: Selection response and genetic lines of
least resistance

Lande’s equation (AZ = Gp) describes evolutionary change
in terms of the direction of selection (B) modified by genetic
covariation (G). Evolutionary change is thus thought to occur
along “genetic lines of least resistance” (Schluter 1996), that is,
on trajectories that are parallel to a leading eigenvector of G. We
now show that selection response occurs along genetic lines of
least resistance if only one control at one age evolves (it might
also be the case when an arbitrary number of controls evolve at
an arbitrary number of ages, but we do not prove it).

Recall that selection response of the phenotype is
H, 0w/ éz|y=y, which reduces to Lande’s equation G 0w /0z|y—y
if there are no exogenous environmental effects on states, no
social development, and no niche construction. We now charac-
terize the eigensystem of Hy, and thus the eigensystem of G as
a particular case. The eigenvalues p and eigenvectors q of H,
are given by the equation

H,q = pq. (A97)
Using Eq. (83), this is

SX dxT SX

TV ay syt Y a| _, (o
dxT - !
Yy Gy -\ qy

y=y

for some vectors qx € RNMs and qy € RNaNe, Doing the matrix
multiplication yields the two equations

SX dxT sX
(Qcydfy% + Sy*TGyCIy) — £4x (A98a)
dxT
(:;31 ‘Ei“* qx + (:;)7(1)7 = ()(1)7. (IQSS)EEIJ)
y y=y

Collecting for qy in Eq. (A98b) yields

dxT

(;y ‘Ei;:

ax = (pI - Gy)‘]y/
y=y

which substituted in Eq. (A98a) yields

= Pqx-

SX SX
~~ (p1—Gy)qy + —G ) '
(syT (o v)dy s y4dy gy

yT
Factorizing the left-hand side and simplifying yields

SyiT y=y b =P

Then, for any non-trivial eigenvector q = (qx; qy) of H,, that is,
one whose eigenvalue is p # 0, we have

Jqy = 9x, (A99)

X
YT ly—y
which substituted in Eq. (A98b) yields

dxT sx.
Y dy syT

= Py
y=y

qy + quy)

and factorizing the left-hand side we obtain

dxT sx
Gy (diysyiT +I) ‘yy qy = 9qy-

Therefore, from Eq. (A99), we have that any non-trivial eigen-
vector of H is given by

SX

q=| 7
|

Sz
syT

qy, (A100)

y=y

Y=Y | Qy =

. . dxT sx
where qy is a non-trivial eigenvector of Gy | 50— +1
dy syT y=y
Eq. (A100) shows that the matrix sz/syT|y—y transforms any
such non-trivial eigenvector in control space into a non-trivial
eigenvector of H;.
Now, recall that we have that selection response of the phe-

notype is
- (Lﬁcyiﬂ)
y=y  \syT dy

Hence, from Eq. (A100) we have that selection response

of the phenotype is a non-trivial eigenvector of H, if
d

w

and only if Gy ——
dT dy ly=y

Gy XX +1 . In particular, if there is a single con-
dy syT y=y

trol (N = 1) and it evolves at a single age, the matrix

T

Gy dxT sx. +1 is effectively a scalar and selection-led-
dy syT y=y

evolution is necessarily a non-trivial and leading eigenvector

of Hy; that is, with a single control evolving at a single age, se-

lection response of the phenotype occurs along genetic lines of
least resistance.

dw

ow
—H,, —
Zy dy

HZE

y=y y=y

is a non-trivial eigenvector of
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